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Abstract— This paper analyzes a class of Stackelberg games
where different actors compete for shared resources and a
central authority tries to balance the demand through a pricing
mechanism. Situations like this can for instance occur when
fleet owners of electric taxi services compete about charging
spots. In this paper, we model the competition between the
followers as an aggregative game, i.e., each player’s decision
only depends on the aggregate strategy of the others. While
it has previously been shown that there exist dynamic pricing
strategies to achieve the central authority’s objective, we in
this paper present a method to compute optimal static prices.
Proof of convergence of the method is presented, together with
a numerical study showcasing the benefits and the speed of
convergence of the proposed method.

I. INTRODUCTION

The inherent leader-follower structure of the Stackelberg
games found its use in many real-world applications as
the general framework allows the users to describe the
interactions between different agents on multiple levels of
hierarchy. As such, the Stackelberg games with a single
leader and multiple followers have provided a suitable
model for different problems within the realms of energy
management [1], [2], operational optimization [3], [4] and
transportation [5], [6]. In this paper, we are interested in the
scenarios in which different agents compete about shared
resources in a setting where a central authority attempts to
balance the demand through the pricing of the resources.
More specifically, we are motivated by a problem that tackles
a bi-level hierarchical setup in the domain of smart mobility,
previously analyzed in [6], [7]. On the lower level, we
look at the competition between the ride-hailing company
operators interested in minimizing the personal operational
cost that, among others, includes the charging of their electric
fleets at publicly available stations. On the higher level,
we consider the interaction between the central authority
in charge of determining the prices of charging and the
ride-hailing market. Compared to [6], [7], where dynamic,
demand-based pricing policies were designed for each ride-
hailing company, in this paper, we focus on computing a
static pricing vector that is unique for all the companies
and hence yields a more realistic setting. Inspired by this
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Fig. 1. Schematic sketch of the problem setting. The |I| followers
communicate with the leader through the central aggregator entity. It is
required for computing the Nash equilibrium between the followers and is
also used as a medium to collect the locally computed Jacobians Dπtx

i∗

in every update step of the leader’s action.

particular game structure, we generalize the problem into a
class of aggregative Stackelberg games that we refer to as the
“Stackelberg pricing games”. For this class of problems, to
compute the local Stackelberg equilibrium originally defined
in [8], we design a gradient-based, iterative procedure. In
general, finding a solution to a Stackelberg problem is
challenging, and existing methods usually have to rely on
specific structural assumptions of the game. In [9], [10], the
authors formulate the problem as a mathematical program
with complementary constraints (MPCC) [11]. In [12], the
authors propose an iterative method for computing the local
Stackelberg equilibrium but for the case of an unconstrained
game. From the methodological point of view, our approach
is, to a certain extent, a combination of [8] and [13]. The
aggregative structure of the game in [8] matches the one
presented in [6], [7], however, the assumed form of the
leader’s objective does not. Moreover, the presented method
relies on a standing assumption that is in general hard to
verify for the class of problems presented in [6], [7]. On the
other hand, [13] elucidates the effectiveness of differentiating
the KKT conditions in an attempt to estimate how the
attained Nash equilibrium between the followers reacts to a
change in the leader’s action. Even though the problem has
been tackled from the perspective of centralized, gradient-
based, iterative methods, formal results on the convergence
properties seem to be missing. For the particular case of
games analyzed in this paper, we were able to also decentral-
ize the calculation of Jacobians required for the computation
of the local Stackelberg equilibrium, which resonates well
with the privacy-preserving nature of the ride-hailing market.

The proposed semi-decentralized approach leverages the
existence of a Central aggregator typically required for de-
centralized computation of the Nash equilibrium of the game
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played between the followers [14]–[16]. Inspired by [13],
[17], we show how the followers can locally compute the
Jacobians by the means of Implicit function theorem, in an
attempt to estimate the influence of the leader’s decision
variable on the attained Nash equilibrium of the followers.
By designing an iterative procedure that concerns the central
aggregator and the leading player and guarantees local im-
provement of the leader’s objective at each iteration, we can
provide formal convergence guarantees. Compared to [13],
where a standing assumption was made on the conditions
of the Implicit function theorem, here we explicitly address
these conditions by proposing to differentiate the KKT
conditions of an optimization problem that is equivalent to
the standard best-response optimization problem of each fol-
lower. The complete schematic representation of the method
is described in Figure 1. We apply our method in a numerical
case study identical to the one in [6] and show how it can be
used to find the local Stackelberg equilibrium corresponding
to the societal optimum of the system. Finally, when it comes
to fairness in pricing the companies, this method cannot
experience potential problems resulting from having different
prices for different companies, as was the case in [6].

The paper is outlined as follows: the rest of this section
is devoted to introducing some basic notation. In Section II
we introduce the problem setup and the specific class of
Stackelberg games that we consider. In the following section,
Section III, we then introduce the method for finding the
local Stackelberg equilibrium. Finally, we conclude the paper
with Sections IV and V, where we test our method in a
numerical case study and propose ideas for future research.

Notation: Let R denote the set of real numbers, R+ the
set of non-negative reals, and Z+ the set of non-negative
integers. Let 0m and 1m denote the all zero and all one
vectors of length m respectively, and Im the identity matrix
of size m × m. For a finite set A, we let RA

(+) denote the
set of (non-negative) real vectors indexed by the elements
of A and |A| the cardinality of A. Furthermore, for finite
sets A, B and a set of |B| vectors xi ∈ RA

(+), we define
x := col

(
(xi)i∈B

)
∈ R|A||B| to be their concatenation. For

A ∈ Rn×n, A ≻ 0(⪰ 0) is equivalent to xTAx > 0(≥ 0)
for all x ∈ Rn×n. We let A ⊗ B denote the Kronecker
product between two matrices and for a vector x ∈ Rn, we
let Dg(x) ∈ Rn×n denote a diagonal matrix whose elements
on the diagonal correspond to vector x. For a differentiable
function f(x) : Rn → Rm, we let Dxf ∈ Rm×n denote the
Jacobian matrix of f defined as (Dxf)ij := ∂fi

∂xj
. Finally,

for a set-valued mapping F : Rn ⇒ Rm, gph(F) :=
{(y, x) ∈ Rn × Rm | x ∈ F(y)} denotes its graph.

II. PROBLEM STATEMENT

Let us consider a Stackelberg game with a set of N + 1
agents I = I ∪ {L}, where i = L represents the leading
agent and each i ∈ I represents one of the N followers.
Each player can choose a personal decision vector from
a local constraint set, such that the leader first announces
its strategy π ∈ P ⊆ RmL to the followers and then

lets the agents i ∈ I simultaneously respond with a per-
sonal decision vector xi ∈ Xi ⊆ RmF , with mL,mF ∈
N representing the dimension of the decision space of
the leader and the followers. We assume Xi of the form
Xi :=

{
xi ∈ RmF | gi

1

(
xi
)
≤ 0mineq

i
∧ gi

2

(
xi
)
= 0meq

i

}
,

with mineq
i ,meq

i ∈ N and the maps gi
1 : Xi → Rmineq

i

and gi
2 : Xi → Rmeq

i that describe the constraint set of
each follower. If we define the sets X :=

∏
i∈I Xi and

X−i :=
∏

j∈I\i Xj , then the joint strategy of all followers
can be denoted as x := col

(
(xi)i∈I

)
∈ X and for every

agent i ∈ I we can define x−i := col
(
(xj)j∈I\i

)
∈ X−i.

Upon the announcement of the leader’s strategy π ∈ P , the
followers choose their strategies in an attempt to minimize
personal objective functions J i(xi, x−i, π) by playing the
best response to the other agents’ strategies. Let σ

(
x−i
)
:=∑

j∈I\i x
j be the aggregate decisions of the other players,

then we assume the followers admit an aggregative game

G0 (π) :=

{
min
xi∈Xi

J i
(
xi, σ

(
x−i
)
, π
)
,∀i ∈ I

}
, (1)

whose Nash equilibrium x∗ is given in the definition below:
Definition 1 (Nash equilibrium): For any leader’s strategy

π ∈ P , a joint strategy x∗ ∈ X is a Nash equilibrium (NE)
of the game G0, if for all i ∈ I and all xi ∈ Xi it holds that

J i
(
xi∗, x−i∗, π

)
≤ J i

(
xi, x−i∗, π

)
.

Principally, solving a generalized Nash Equilibrium problem
(GNEP) is difficult in the sense that we can rarely obtain a
closed-form characterization of the full set of NE. Therefore,
we focus on a subset of all NE called the variational
Nash equilibria (v-NE). Based on the theory of variational
inequalities [18], if we define a map F : X × P → RNmF

F (x, π) := col
((

∇xiJ i
(
xi, x−i, π

))
i∈I

)
, (2)

then the set of all v-NE of game (1) is given by

N0 (π) :=
{
x ∈ X | (y − x)

T
F (x, π) ≥ 0, ∀y ∈ X

}
.

(3)
Depending on the properties of the cost functions and con-
straint sets of the agents, we can utilize different methods
for computing the Nash equilibrium of the followers [14]–
[16]. Computing the leader’s optimal strategy π ∈ P , on the
other hand, requires solving a problem of minimizing the
leader’s personal objective of the form JL : X × P → R,
where x∗ ∈ N0(π). For the solution of the Stackelberg game
played between the leading agent and the N followers, we
adopt a definition given below.

Definition 2 (Stackelberg game): Let I be the set of all
agents, π̂ ∈ P , x̂∗ ∈ X and N0 (π) be defined in (3).
Then a tuple (π̂, x̂∗) is a solution of a Stackelberg game
with one leader and followers defined by I, if it solves a
bi-level optimization problem G1:

G1 :=

{
min
π∈P

JL (x∗, π)

s.t. (x∗, π) ∈ gph (N0) ∩ (X × P)

}
. (4)



Finding the optimal leader’s strategy in G1 is in general
difficult as it directly requires having the ability to understand
how the leader’s strategy influences the position of the Nash
equilibrium of G0 (π). In this paper, we are particularly in-
spired by the scenarios in which multiple actors compete for
resources and the central authority is interested in balancing
the demand by pricing the resources. In light of this system
structure, we first introduce a class of games that we refer
to as the “Stackelberg pricing games”.

A. Stackelberg pricing games

In a Stackelberg pricing game, it is assumed that each
follower i ∈ I has a personal objective cost J i(xi, x−i, π)

J i
(
xi, x−i, π

)
:= Ĵ i

(
xi, x−i

)
+
(
xi
)T

Siπ , (5)

for some diagonal Si ⪰ 0. The first term Ĵ i
(
xi, x−i

)
encapsulates the influence of other followers on the perceived
cost whereas the second one describes the total price agent i
has to pay for choosing a particular xi, hence the term
“pricing game”. We assume a quadratic aggregative form of
the cost term Ĵ i

(
xi, x−i

)
given by

Ĵ i
(
xi, x−i

)
=

1

2

(
xi
)T

Pix
i +
(
xi
)T

Qiσ
(
x−i
)
+ rTi x

i ,

(6)
for some Pi, Qi ∈ RmF×mF and ri ∈ RmF . Moreover, we
postulate some common assumptions about the cost functions
and constraint sets, as in, e.g., [14], [15], [19] ensuring con-
vexity and regularity of the individual optimization problems.

Assumption 1 (Cost functions): For every agent i ∈ I,
let the cost functions of the followers be defined using (5)
and (6) and Pi = PT

i = P ≻ 0, Qi = QT
i = Q ⪰ 0, P ≻ Q.

Assumption 2 (Constraint sets): For every agent i ∈ I,
assume that the set gi

1

(
xi
)
≤ 0mineq

i
∩ gi

2

(
xi
)
= 0meq

i
is

nonempty, compact, satisfies Slater’s constraint qualification
and is separated into linear equality and inequality constraints

Xi :=
{
xi ∈ RmF | Aix

i = bi ∧Gix
i ≤ hi

}
,

where gi
1

(
xi
)
= Gix

i−hi and gi
2

(
xi
)
= Aix

i−bi, for Ai ∈
Rmeq

i ×mF , bi ∈ Rmeq
i , Gi ∈ Rmineq

i ×mF and hi ∈ Rmineq
i .

With the pseudo-gradient mapping of G0 (π) as in (2), we
can summarize the existence and uniqueness results for the
Nash equilibrium of G0 (π) in the following proposition.

Proposition 1: Let the game G0 (π) be defined as in (1)
such that for each i ∈ I, the cost function J i

(
xi, x−i, π

)
is

defined by (5) and (6). If Assumptions 1 and 2 hold, then
for any leader strategy π ∈ P , there exists a unique Nash
equilibrium x∗ ∈ X of G0 (π) that can be calculated via
Picard-Banach [20] fixed point iteration

xk+1 = ΠX [xk − γF (xk, π)] , (7)

where ΠX is the projection operator and γ ∈ R+ is a step
size such that the mapping x → x− γF (x, π) is contractive
in the Euclidean norm.

The proof is given in the extended version of our paper.

Generally speaking, under the Assumptions 1 and 2, for
every i ∈ I, the Nash equilibrium strategy xi∗ ∈ Xi that can
be computed using (7) is the solution of the best-response
optimization problem

Gi
0 (π) :=

{
min

xi∈RmF
J i
(
xi, x−i∗, π

)
s.t. gi

1

(
xi
)
≤ 0 ∧ gi

2

(
xi
)
= 0

}
. (8)

The optimality of xi∗ is guaranteed if and only if xi∗ solves
the KKT system of equations li(zi, π|x−i∗) = 0, where the
mapping li : Rntotal × RmL → Rntotal

with ntotal = mF +
meq

i +mineq
i , is defined for every zi = (xi, λi, νi) as

li
(
zi, π

∣∣x−i∗ ) :=
 ∇xiLi

(
xi, λi, νi, π

)
Dg (λi) g

i
1

(
xi
)

gi
2

(
xi
)

 , (9)

Li

(
xi, λi, νi

)
= J i

(
xi, x−i∗, π

)
+ λT

i g
i
1

(
xi
)
+ νTi g

i
2

(
xi
)

is the Lagrangian of the best-response problem (8), xi∗

is feasible and λ∗
i ∈ R

mineq
i

+ and ν∗i ∈ Rmeq
i represent

the optimal dual variables associated with the inequality
and equality constraints. Under Assumptions 1 and 2, if
some ẑi = (x̂i, λ̂i, ν̂i) with feasible x̂i and λ̂i, satisfies
li
(
ẑi, π

∣∣x−i∗ ) = 0, then ẑi is the optimizer of (8). Note
that the bi-level optimization problem of the leader is in
general non-convex. Moreover, there exist subclasses of the
Stackelberg pricing games for which there cannot be a unique
minimizer of the leader’s objective (see the extended version
of the paper). Therefore, we shift our focus to the local
Stackelberg equilibria (l-SE) and adopt the notion previously
analyzed in [8], [21], [22].

Definition 3 (Local Stackelberg equilibrium (l-SE) [8]):
Let G1 be a Stackelberg game as in Definition 2. A pair
(x̂∗, π̂) ∈ gph (N0) ∩ (X × P) is a local Stackelberg
equilibrium of G1 if there exist open neighborhoods Ωx̂∗ ,
Ωπ̂ of x̂∗ and π̂ respectively, such that

JL (x̂∗, π̂) ≤ inf
(x∗,π)∈gph(N0)∩Ω

JL (x∗, π) , (10)

where Ω := Ωx̂∗ × (P ∩ Ωπ̂).

Note that since Proposition 1 guarantees uniqueness of the
Nash equilibrium for any π ∈ P , we have that |N0(π)| = 1.
This implies that it suffices to find the local optimum of
JL as a function of π, i.e., to find π̂ and its neighborhood
Ωπ̂ , since the condition (10) will always be fulfilled for
x̂∗ = N0(π̂) and the open ball of radius R given by
Ωx̂∗ := {x ∈ X | ∥x− x̂∗∥ < R}, where R is defined by
R > maxx∈N̂ (Ωπ̂)

∥x− x̂∗∥ and N̂ (Ωπ̂) =
⋃

π∈Ωπ̂
N0 (π).

Using the Implicit function theorem [23], we will show that
JL (x∗, π) is continuously differentiable at every π ∈ P ,
allowing us in return to design a gradient-based method to
compute the local Stackelberg equilibria.

III. ALGORITM FOR COMPUTING THE LOCAL
STACKELBERG EQUILBIRIUM

In this section, we show how the local Stackelberg equilib-
rium given by Definition 3 can be computed using a gradient
descent method based on the Implicit function theorem.



A. Projected Gradient descent with Armijo rule
In order to find the l-SE, we adopt a projected gradient

descent method with ’Armijo step-size rule along the projec-
tion arc’ [24] to iteratively update π. Let β, s and δ be fixed
scalars such that β ∈ (0, 1), s > 0 and δ ∈ (0, 1). Moreover,
let us define the mapping π+ : P ×R>0 → P as

π+ (πt, s) := ΠP

[
πt − s

dJL (x∗ (π) , π)

dπ

∣∣∣∣
π=πt

]
, (11)

where ΠP is the projection operator on the leader’s con-
straint set and x∗ (π) emphasizes dependence of the Nash
equilibrium on π. The leader’s strategy is then updated as

πt+1 = π+(πt, st) , (12)

where st = βl(t)s and l (t) ∈ Z≥0 is the smallest nonnegative
integer such that

JL (·, πt)− JL
(
·, π+ (πt, st)

)
≥

≥ δ

(
dJL (·, π)

dπ

∣∣∣∣
π=πt

)T (
πt − π+ (πt, st)

)
.

(13)

It is important to note that the Armijo step size is well
defined, i.e., an appropriate step size will be found after
a finite number of trials for JL(·, π) that is continuously
differentiable on a specific set P [24, P2.3.3]. Hence, we
make a standing assumption on the leader’s constraint set.

Assumption 3: Set P is nonempty, closed and convex.

The complexity of each update step now boils down to
ensuring that JL (x∗ (π) , π) is differentiable at πt, i.e.,
showing that the gradient of the leader’s cost with respect to
the current strategy given by

dJL (·)
dπ

=
∂JL (·)
∂π

+

(
dx∗

dπ

)T
∂JL (·)
∂x∗ , (14)

is well defined. The difficult part of computing (14) stems
from the need to compute dx∗

dπ , i.e., from having to estimate
how the Nash equilibrium of G0 (π) reacts to any change
in π. Since the constraint sets of the followers Xi are
decoupled, by transforming the problem (14) into a form
given by dJL(·)

dπ = ∂JL(·)
∂π +

∑
i∈I DT

πx
i∗ ∂JL(·)

∂xi∗ , we can
organize the complete system in a semi-decentralized form.
Knowing that the Nash equilibrium computed via (7) has
to solve the best-response optimization problems of the
followers, we show that the individual Jacobians Dπx

i∗ are
well defined. Taking into account the necessary conditions
for the Implicit function theorem to hold, we formulate an
optimization problem equivalent to the one given by (8) for
every i ∈ I, and directly apply the theorem on the problem’s
KKT mapping li

(
zi, π

∣∣x−i∗ ) in order to obtain Dπx
i∗.

B. Differentiating the KKT conditions
Based on [23], to locally compute the Jacobians Dπx

i∗, we
aim to apply the Implicit function theorem on the mapping
li
(
zi, π

∣∣x−i∗ ). For every i ∈ I, let the solution mapping

zi∗ : P ⇒ Xi ×R
mineq

i

≥0 ×Rmeq
i be

zi∗ (π) =
{
zi
∣∣li (zi, π ∣∣x−i∗ ) = 0

}
. (15)

Moreover, let the set of constraints Γi be defined
as Γi :=

{
j ∈

[
1,mineq

i

]
∩ N | (λ̂i)j = 0 ∧ gi

1(x
i)j = 0

}
,

where gi
1(x

i)j represents the j-th inequality constraint. Then
the Implicit function theorem from [23] adapted to our
problem reads as the following theorem.

Theorem 1: For each agent i ∈ I, let the Assumptions 1
and 2 hold and

(
xi∗, x−i∗) be the result of the Picard-Banach

iteration in Proposition 1. Furthermore, let the best-response
optimization problem be defined via (8), its KKT mapping
li
(
zi, π

∣∣x−i∗ ) be defined as (9), zi∗ (π) be its solution map
according to (15) and the set of constraints Γi be empty. If
li
(
ẑi, π

∣∣x−i∗ ) = 0 and Dzi li
(
ẑi, π

∣∣x−i∗ ) is non singular
for some ẑi, then the solution mapping has a single-valued
localization zi∗ around ẑi = (x̂i, λ̂i, ν̂i), that is continuously
differentiable in a neighbourhood O of π with the Jacobian

Dπz
i∗ (π) = −D−1

zi li
(
ẑi, π

∣∣x−i∗ )Dπli
(
ẑi, π

∣∣x−i∗ ) ,
where Dzi li

(
ẑi, π

∣∣x−i∗ ) and Dπli
(
ẑi, π

∣∣x−i∗ ) satisfy

Dzi li :=

 Dxi∇xiL
(
ẑi, π

)
DT

xig
i
1

(
x̂i
)

DT
xig

i
2

(
x̂i
)

Dg
(
λ̂i

)
Dxigi

1

(
x̂i
)

Dg
(
gi
1

(
x̂i
))

0
Dxigi

2

(
x̂i
)

0 0



Dπli :=

 Dπ∇xiL
(
ẑi, π

)
Dg

(
λ̂i

)
Dπg

i
1

(
x̂i
)

Dπg
i
2

(
x̂i
)

 .

Note that for ẑi = (xi∗, λ∗
i , ν

∗
i ), where xi∗, λ∗

i and ν∗i
describe the unique solution of (8), it directly holds that
li
(
ẑi, π

∣∣x−i∗ ) = 0. However, in order to extract the deriva-
tive Dπx

i∗ from Dπz
i∗ (π) using the Implicit function theo-

rem, we need to make sure that the matrix Dzi li
(
ẑi, π

∣∣x−i∗ )
is invertible and that Γi is empty. Generally speaking,
these two conditions directly depend on two things, i.e.,
the structure of the game resulting from the nature of the
application and the Nash equilibrium computed via the
Picard-Banach iteration as in Proposition 1. To avoid the
potential problems, we leverage the benefits of having the
unique Nash equilibrium precomputed before every update
step of the leader. In the following section, we propose to
differentiate the KKT conditions of an optimization problem
equivalent to (8) that will guarantee Dzi li

(
ẑi, π

∣∣x−i∗ ) is
invertible and Γi is empty.

C. Equivalent best-response optimization problem

Let for every agent i ∈ I the output of the Picard-Banach
iteration be the point xi∗ ∈ Xi and A

(
xi∗) represent the set

of all active inequality constraints at xi∗

A
(
xi∗) := {j ∈

[
1,mineq

i

]
∩ N

∣∣∣ (gji)T xi∗ = (hi)j

}
,

(16)
where gji represents a vector corresponding to the j−th row
of Gi. Moreover, we define the complement of A

(
xi∗) as

A† (xi∗) = ([1,mineq
i

]
∩ N

)
\ A

(
xi∗) . (17)

If
∣∣A (xi∗)∣∣ ̸= 0, we let Gi ∈ R|A(x

i∗)|×mF be a matrix
whose rows are the rows of Gi listed in A

(
xi∗). Similarly,



we let Gi ∈ R|A
†(xi∗)|×mF consist of all the remaining rows

of Gi and split the vector hi into hi and hi such that Gix
i∗ =

hi and Gix
i∗ < hi. This allows us to define an auxiliary

best-response optimization problem equivalent to (8).
Corollary 1: For each agent i ∈ I, let

(
xi∗, x−i∗) be

the result of the Picard-Banach iteration in Proposition 1.
Moreover, let A

(
xi∗) and A† (xi∗) be defined as in (16)

and (17). If
∣∣A (xi∗)∣∣ ̸= 0 then xi∗, such that Gix

i∗ = hi and
Gix

i∗ < hi, solves the best-response optimization problem
given in (8) if and only if it solves the optimization problem

G
i

0 (π) :=


min

xi∈RmF
J i
(
xi, x−i∗, π

)
s.t.
[

Ai

Gi

]
xi =

[
bi
hi

]
∧Gix

i ≤ hi

 .

(18)

Let us denote A
T

i =
[
AT

i G
T

i

]
and b

T

i =
[
bi h

T

i

]
. Then,

under the assumption that the linear equality constraints
imposed by Ai are independent, we can guarantee that the
conditions for Theorem 1 will hold for the equivalent best-
response optimization problem defined via (18).

Assumption 4: For every i ∈ I, matrix Ai is full row rank.

Theorem 2: Let the auxiliary best-response optimization
problem be defined as in (18), xi∗ ∈ Xi be the optimal
value computed as in Proposition 1 under the Assumptions 1
and 2. If in addition the Assumption 4 holds, then the
set Γi associated with G

i

0 (π) is empty and the matrix
Dzi li

(
ẑi, π

∣∣x−i∗ ) associated with G
i

0 (π) and defined in
Theorem 1 is invertible and reduces to

Dzi li
(
ẑi, π

∣∣∣x−i∗
)
=

 ∇xixiJ i (Gi)
⊤ A

⊤
i

0 Dg
(
Gix

i∗ − hi

)
0

Ai 0 0

 ,

The proof is given in the extended version of our paper.

D. Convergence of the algorithm

Finally, we provide formal convergence guarantees.
Theorem 3: Let the Stackelberg game be defined as in (4)

and its auxiliary best-response optimization problem as (18).
Let the Assumptions 1, 2, 3 and 4 hold and {πt} be the
sequence generated by the projected gradient descent method
defined by equations (11), (12) and (13). Then it holds that

lim
t→+∞

[
JL (·, πt+1)− JL (·, πt)

]
= 0 ,

and every limit point of {πt} is stationary.

The proof is given in the extended version of our paper.

IV. NUMERICAL EXAMPLE

In this section, we provide an illustrative example that
tackles the problem of balancing the charging demand of
electric ride-hailing fleets on public charging stations. We
consider a case study introduced in [6] where three ride-
hailing companies C = {C1, C2, C3} operate in the Shenzhen
area divided into four regions by Voronoi partition around the
public charging stations M = {M1,M2,M3,M4}. During
a rush-hour period of three hours, the electric vehicles (EVs)

serve the heterogeneously distributed requests that appear in
the system according to the real taxi demand from [25]. After
the rush-hour period, we assume that EVs with a battery
below 60% would go to recharge.

We assume it is the ride-hailing company’s operator
who decides how to split the vehicle fleet among different
charging stations in an attempt to minimize the cumulative
operational cost of the company. Since the companies use
the same charging stations, they inherently have to compete
for the resources and hence play a game. The model of the
company is taken from [6] so the operator’s decision vector
is given by xi ∈ R4, where xi

j ≥ 0 denotes the number
of vehicles directed to station j and 1T

4 x
i = Ni, where

Ni is the total number of company’s EVs that need to be
recharged. The operational cost of each company consists of
the charging cost, the cost of queuing at different charging
stations due to their limited capacities, and the negative
expected revenue in the regions around charging stations. The
linear inequality constraints encompass information about the
number of vehicles that can reach a certain station based on a
linear battery discharge model and current battery level after
the three-hour simulation. For a detailed description of all
parameters, we refer the reader to [6].

The competition between the companies now matches
the structure of the game G0 (π), where π ∈ R4

+ is the
vector of charging prices at different stations that the central
authority of the region sets. This central authority, i.e, the
leader, can be anything from a power-providing company
interested in balancing the demand on the power grid to
the government trying to design the pricing incentives that
would increase the coverage and motivate the idle taxi
drivers not to flock in the more demand attractive areas.
Therefore, we assume that the central authority defines a
set point vector Ndes ∈ R4 describing the desired number
of vehicles at each charging station and plays the game G1

with the ride-hailing companies in an attempt to minimize the
cost JL (x∗ (π) , π) = 1

2 ∥σ (x∗ (π))−Ndes∥22 by choosing
adequate π ∈ P . We set P := [pmin, pmax]

4, pmin = 1.0
and pmax = 5.0. The central authority’s set point vector is
chosen as Ndes = [198, 103, 144, 87] to match the demand
distribution among the regions and the other parameters are
given by β = 0.25, s = 0.000001 and δ = 0.00001.

In [6], an exhaustive grid search procedure over the price
domain P was used to find an approximation of the global
minimum of JL (x∗ (π) , π). After 25000 iterations, the two
best pricing vectors π1 = [2.75, 1.625, 2.208, 1.0] and π2 =
[4.03, 2.8, 3.49, 2.24], that yield JL (x∗ (π1) , π1) = 13.585
and JL (x∗ (π2) , π2) = 18.579, were found. In Figure 2, we
show how the gradient-based iterative procedure can be used
to find the local Stackelberg equilibrium as per Definition 3.
The upper left plot in the figure shows the distribution of
ride-hailing fleets among different charging stations, whereas
the upper right plot shows how the prices of charging evolve
with respect to the iteration number when the initial value
of the leader’s decision variable is πinit

1 = [4.0, 2.0, 3.0, 1.0].
The resulting vector of charging prices found by the proposed
method is given by π∗ = [3.394, 2.201, 2.833, 1.584] and
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Fig. 2. The upper plots show the evolution of the total vehicle accumulation
at the charging stations σ(x) and the charging prices π during the iterative
procedure and for the initial charging price πinit

1 . The lower plot compares
the evolution of the leader’s objective JL (x∗ (π) , π) when starting from
different initial prices, i.e., πinit

1 and πinit
2 .

yields JL (x∗ (π∗) , π∗) = 2.2 · 10−5. Clearly, the attained
value of the leader’s objective is significantly smaller than
the ones obtained using only the grid-search procedure.

In the lower plot, however, we show that the attained
l−SE largely depends on the initial value of the leader’s
decision variable. Namely, even though the algorithm was
able to find the l−SE corresponding to the global minimum
of the leader’s objective when starting from πinit

1 , it is also
the case that starting from πinit

2 = [3.0, 3.0, 3.0, 3.0] yields an
equilibrium with a significantly higher value of the leader’s
objective. Given the local-search nature of the proposed
procedure, in order to find the l−SE corresponding to the
global minimum of the leader’s objective, we would have to
combine this iterative method with a higher-level heuristic.

V. CONCLUSIONS

In this paper, we present an iterative, semi-decentralized,
gradient-based method for finding the l−SE for a particular
class of Stackelberg games. Essentially, if every follower
locally differentiates the KKT conditions of an optimization
problem equivalent to its best-response optimization prob-
lem, a framework that guarantees convergence to a local
Stackelberg equilibrium can be established. The attained
equilibrium, however, depends largely on the starting point
of the iterative procedure, and developing intelligent higher-
level heuristics will be a future research direction.
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