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A B S T R A C T

On-demand trip sharing is an efficient solution to mitigate the negative externalities e-hailing
has on traffic in a network. It motivates platform operators to reduce their fleet size and serves
the same demand level with a lower effective distance traveled. Users nevertheless prefer to
travel solo and for shorter distances, despite the price discount they receive. By offering them
the choice to pool and travel in high-occupancy dedicated bus lanes, we provide them with
a larger incentive to share their rides, yet this creates additional bus delays. In this work, we
develop dynamic feedback-based control policies that regulate pool vehicle access to bus lanes
by adjusting the price gap between solo and pool trips, with the aim of improving multi-modal
delays and providing better utilization of network capacity. First, we develop a modal- and
occupancy-dependent aggregate model for private vehicles, ride-pooling, and buses based on
network production, and we use this model to test different control strategies. To minimize the
error between the target and actual speeds in the bus network, we design a PI controller and
show that by adjusting pool trip fares, we can, with little input data, minimize this error. We
also put forward a Model Predictive Control (MPC) framework to minimize the total Passenger
Hours Traveled (PHT) and Waiting Times (WT) for the different travelers. Moreover, we show
how the MPC framework can be utilized to impose a minimum speed in dedicated bus lanes
and ensure that buses operate on schedule. The results demonstrate the possibility of improving
the overall network conditions by incentivizing or discouraging pooling in the vehicle or bus
network.

1. Introduction

The surge of on-demand mobility offers network commuters innovative transport alternatives for their trips. Characterized by
their flexibility, convenience, and accessibility, on-demand modes have soon become widely popular, rooting their success in the
fast-growing wireless communication technologies and the increasing interest in a more personalized mobility service. Ride-hailing,
among many other similar modes, is nowadays a well-established transport alternative where a unique platform connects riders and
drivers. Users request a ride, the request being most of the time instantaneous with no in-advance booking, and they are assigned
to a nearby driver shortly after. The drivers decide whether to carry users from their origins to their destinations based on their
relative evaluation of the trip attractiveness. While being as convenient as private vehicles due to their door-to-door services, these
on-demand modes usually prevail over public transportation because of their shorter waiting times before pick-up (Shaheen et al.,
2017).
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The burgeoning number of ride-hailing services and their wide success required authorities to impose incentive- or enforcement-
ased regulation strategies. These strategies are introduced to contain the negative impact that ride-hailing has on multi-modal
rban traffic and user mode choice distribution. A closer look at the operation of ride-hailing services holds drivers accountable for
he increase in traffic externalities (Erhardt et al., 2019). More specifically, a high number of ride-hailing drivers not only causes an
ncrease in congestion (Diao et al., 2021) but also has a counterproductive effect by extending the waiting for users due to longer
ispatching time despite the high availability of empty vehicles (Beojone and Geroliminis, 2021). Moreover, the vast majority of
urrent ride-hailing users reported that they would use public transportation if such services were not available, hence creating a
irect competition with buses (de Souza Silva et al., 2018). Clearly, the decline in the use of mass transit due to the shift in users’
hoice towards ride-hailing services raises multiple concerns about the undesired competition between these two modes.

To design well-informed and well-targeted policies, it is crucial to provide regulators with quantification studies that concretize
he different impacts that ride-hailing has on the traffic externalities, the welfare of the drivers and riders, and the modal split
etween the different modes in a network (Tirachini and Gómez-Lobo, 2019). This approach guides authorities to enforce appropriate
ctions to prevent further propagation of these services without proper regulations. A high fleet size, for instance, shortens the
aiting time of users yet increases traffic congestion in urban spaces. One way to mitigate this is through sending empty vehicles
ith no assigned trip to available off-street parking locations (Beojone and Geroliminis, 2021; Li et al., 2020; Xu et al., 2017) or to
nforce a cap on the fleet size or the maximum allowable total Vehicle Kilometers Traveled (VKT) carried out by the ride-hailing
leet (Yu et al., 2020). Moreover, particularly when operating in a monopoly setting, ride-hailing platforms set a profit-maximizing
are without consideration of the rider’s or driver’s welfare. Many studies additionally investigated what the driver’s wage and the
ider’s fare should be under a social welfare maximization framework. They argue that despite them not being sustainable from a
evenue-maximization point of view, these pricing schemes are socially optimal when assessed in an equilibrium setting (Zha et al.,
016; Ke et al., 2020).

Promoting trip sharing is another strategy to reduce the VKT by drivers to serve the same demand level (Ke et al., 2021a). Trip
haring also allows the shrinking of the fleet size required to provide the same service level (Jiao and Ramezani, 2022). Generally
eferred to as ride-splitting or ride-pooling, this service prompts users to share their rides with other travelers in exchange for a
are discount to compensate for the extra detour incurred. Whether the passenger-to-passenger pool matching is successful depends
n a myriad of factors, including the engagement levels in pooling, i.e., the willingness of users to share their rides with other
sers in the system, but also on their subsequent pick-up and drop-off locations. In the scope of this work, however, we ignore the
ossibility of a failed passenger-to-passenger pool matching, and we assume that all requests opting for pooling will eventually be
ooled. We also limit the trip sharing to two passengers, noting that high-capacity on-demand micro-transit services are gaining fast
omentum (Shaheen and Cohen, 2019).

Having highlighted the importance of trip sharing to alleviate the negative externalities of ride-hailing services (Tirachini, 2020),
hese platforms are still attracting low to moderate demand levels. Therefore, we advance in this work an occupancy- and modal-
ependent allocation strategy where pooling is motivated by allowing shared trips to use dedicated bus lanes. Although the majority
f impact assessment and policy evaluation studies were formulated in a static equilibrium setting, we adopt in our framework
macroscopic dynamic approach with time-varying demand to capture the non-equilibrium and transient states of the network

ynamics and how the system evolves under different demand profiles during the day. More specifically, we tackle in this work
he effect on multi-modal delays of incentivizing trip sharing by entitling pool users to privileged bus lane access or a higher fare
iscount. In the next part, we provide a detailed overview of the relevant research tackling different aspects of our work, including
i) the static and dynamic modeling of ride-hailing/ride-splitting and their service optimization, and (ii) the status of ride-hailing
ith respect to the other more traditional operating modes in the network.

. Literature review

The common ground in any study tackling ride-hailing is to have a representative model capable of capturing the main features
nd characteristics of these services and the different stakeholders involved. The first insight into drawing the distinction between
raditional taxi services and on-demand ride-hailing is to underline the appearance of a dispatching vehicle category that is non-
xistent in traditional taxi markets. It is the result of an online vehicle-passenger matching where the drivers’ locations and the
equests’ origins are known to the platform (Cramer and Krueger, 2016). Nevertheless, many studies have pointed out that, despite
t sometimes being useful, online location access is a source of market inefficiency in the event of a demand surge where available
ehicles are quickly depleted (Castillo et al., 2017; Xu et al., 2020). A solution to this inefficiency is setting a surge pricing scheme
hat guarantees that the occurrence of these scenarios is avoided (Cachon et al., 2017), even if this solution raises concerns about
assengers’ welfare. Service pricing is therefore an important element in ride-hailing modeling, thus justifying the large body of
esearch investigating optimal full rider fare for ride-hailing (Zha et al., 2016) and optimal discounted fare for ride-splitting (Ke et al.,
020; Zhang and Nie, 2021). Similarly, Nourinejad and Ramezani (2020) assessed service pricing but in a dynamic non-equilibrium
etting with consideration of background traffic. Due to the spatial heterogeneity of demand and supply, it was also necessary to
xtend this framework to include an occupancy-dependent pricing scheme balancing demand and supply in multi-regions, therefore
uaranteeing a more efficient service level (Zha et al., 2018; Bimpikis et al., 2019). Dynamic idle vehicle rebalancing strategies are
lso able to achieve the same outcomes but require having an accurate prediction of the demand in every region (Ramezani and
aladkhani, 2023; Yang and Ramezani, 2023; Guo et al., 2022).

The research lines we previously described particularly focused on modeling ride-hailing services, and very few accounted for

n-demand trip sharing in their framework. This is mainly because microscopically modeling trip sharing, which is one of the main
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contributions of this work, is complex to conduct, especially when the number of passengers participating in a trip exceeds two. The
focus hence deviated towards finding some empirical and universal laws for driver and passenger detours (Tachet et al., 2016) or
assessing the different factors influencing the quality of a pooled trip (Soza-Parra et al., 2023). Moreover, the passenger-to-passenger
matching and the vehicle dispatching require advanced exact algorithms or heuristics to solve them in real-time settings (Jung et al.,
2016; Alisoltani et al., 2021; Alonso-Mora et al., 2017), even if in some work on two passenger-pooling, passenger-to-passenger
matching probability prediction returned similar results to simulation settings (Wang et al., 2021). Consequently, this computational
effort makes it complex to integrate the matching with upper-level optimization problems like vehicle rebalancing or dynamic lane
usage, as in our case.

Positioning ride-hailing attractiveness relative to public transportation leads to questioning whether these two services are
omplimentary or substitutionary. In areas where public transit is well-developed, ride-hailing is rather viewed as a first/last-mile
olution complementing bus or metro services (Hall et al., 2018). However, this does not eliminate the potential competition between
he two modes (Mo et al., 2021), where, in many cases, ride-hailing substitutes transit, hence causing an inevitable increase in the
otal VKT (Tirachini and Gómez-Lobo, 2019). This observation led many researchers to formulate user equilibrium under different
vailable alternatives where users have the choice to use ride-hailing either for their full trips or for a subpart of their trips (Ke
t al., 2021b; Zhu et al., 2021; Ma et al., 2023). They showed that subsidizing ride-hailing as a first/last-mile solution can indeed
einforce modal complementarity, despite reducing ride-hailing profit.

The purpose of this work is to assess the importance of ride-hailing in a multi-modal context and to advance an adaptive
ricing strategy that, combined with an adequate vehicle allocation scheme, allows us to minimize total delays in the network.
his occupancy- or modal-dependent vehicle allocation framework has been previously studied in the context of High-Occupancy
oll (HOT) lanes (Toledo et al., 2017; Cohen et al., 2022) or dedicated lanes for Autonomous Vehicles (AV) on the link level (Lamotte
t al., 2017), or for buses on the network level (Tsitsokas et al., 2021). To the best of our knowledge, however, no work on modal- and
ccupancy-dependent allocation strategies to minimize overall network delays has considered ride-hailing services in its framework.
n our previous work (Fayed et al., 2023b), this strategy has been assessed under fixed demand and static settings, where we focused
n studying equilibrium properties under the proposed allocation strategy, and we showed that the optimal modal allocation is
emand-dependent. Nevertheless, since dynamically adjusting network space is practically infeasible, we put forward in this work
dynamic model that captures the demand fluctuations through price control policies in fixed vehicle allocation settings.

The contribution of this work is twofold. First, we build a macroscopic multi-modal dynamic model that utilizes Macroscopic
undamental Diagrams (MFD) to determine the dynamics of private vehicles, bus users, and ride-hailing services (Geroliminis and
aganzo, 2008). We assume that ride-hailing users can choose to travel solo in the vehicle network or to pool in the bus network.

n contrast to Fayed et al. (2023a), we additionally consider the option of pooling in the vehicle network. Second, we introduce a
egulatory pricing scheme for the pooling options and use the dynamic model developed within a control framework to determine
hat are the additional discount or fare that must be allocated to pool users to steer the system towards its optimum. In other
ords, we propose a solution that minimizes the Total Time Spent (TTS) by all mode users in the network through adjusting the

ares for pooled trips. Moreover, to guarantee minimal disturbances to buses by pool ride-hailing trips in bus lanes, we impose
minimum speed in the bus network. This step ensures that buses continue to operate on schedule such that the utilization of

heir network by pool ride-hailing vehicles does not cause them significant delays. We highlight that the purpose of this study is
ot to mitigate traffic externalities at the expense of buses, but to make use of the underutilized bus network capacity when the
verall demand conditions allow. Ultimately, the aim is to focus on the potential improvement of available capacity utilization
y ride-hailing vehicles in multi-modal networks. The remainder of the paper is organized as follows. In the following section,
ection 3, we describe the modal- and occupancy-dependent space allocation strategy we present in this work and elaborate on
he macroscopic state dynamics for the different transportation modes using the network under assessment. Next, in Section 4, we
ay out the different control frameworks used for the purpose of improving network delays. To demonstrate the performance of
he different controllers, we display the results of the simulations we run in Section 5. The paper finally concludes with the main
indings and future directions in Section 6.

. Macroscopic multi-modal framework

In the following section, we describe our macroscopic framework by delineating the modal-dependent allocation strategy we
ropose. Next, we put forward the aggregate network traffic production model according to the vehicle allocation policy advanced
nd use it to define the traffic dynamics for the different transportation modes under consideration.

.1. Modal-dependent vehicle allocation

In this work, we assess a modal-dependent allocation strategy where users travel in different parts of the network based on the
ravel mode they choose to adopt.

ssumption 1. In the network under consideration, travelers perform their trips using one of the available transportation

lternatives in the set : private vehicles 𝑝𝑣, buses 𝑏, and ride-hailing services 𝑟𝑠 such that  ∶= {𝑝𝑣, 𝑏, 𝑟𝑠}.
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Fig. 1. A sketch reflecting the network configuration without our allocation strategy (left), and the configuration with pool access to bus lanes (right)..

The dynamics for each alternative are modeled in discrete time with time step 𝑘 ∈  ∶= {0,… , 𝑘max}, and the duration of
each time step is 𝜏 > 0. Moreover, we let ̄ ∶=  ⧵ {𝑘max}. Every transportation mode under consideration has an exogenous
and time-dependent demand 𝑄𝑗 (𝑘) for 𝑗 ∈  expressed in passengers per hour. Although a comprehensive demand approach
for multi-modal user choice under the proposed framework is crucial to capture the inter-modal choice, we limit our analysis to
intra-modal interaction in this work. A more general logit model capturing other mode choices would require additional real data
to be estimated, and it can be a research priority in the future. Commuters who opt for the ride-hailing alternative choose to either
travel solo or pool their trips with other users of the service. In terms of capacity utilization, private vehicles perform their trips
in the subspace of the network occupying a fixed fraction 𝛼 ∈ [0, 1] of the total network space. Buses from their sides solely travel
in dedicated bus lanes spanning over a fraction 1 − 𝛼 of the total space. We denote the vehicle and bus networks by  and 
respectively, such that the set of available subnetworks is  ∶= { ,}. Note that we roughly assume a uniform mixture of network
space such that the vast majority of the road network has a spatial fraction allocated for buses. The vehicle trip routing is therefore
nearly the same, irrespective of whether it is performed in the vehicle or bus network. Finally, if ride-hailing users opt for traveling
solo, then the entirety of their trip is performed in the vehicle network  . If, however, ride-hailing users choose to pool, they are
granted the opportunity to either travel in the vehicle network  or the bus network .

Assumption 2. The ride-hailing driver fleet 𝑁 > 0 is constant and time-independent in our framework, and the different drivers
can exclusively be in one of the following states:

(i) driving an empty vehicle in the vehicle network  , where the total number of drivers in this state is denoted by 𝑛𝑒,
(ii) delivering a solo trip in the vehicle network  , where the total number of drivers in this state is denoted by 𝑛𝑠,

(iii) delivering a pool trip in the vehicle network  , where the total number of drivers in this state is denoted by 𝑛𝑝 and,
(iv) delivering a pool trip in the bus network , where the total number of drivers in this state is denoted by 𝑛𝑝 .

It should be noted that we consider all of the aggregate states to be non-negative and continuous.
To sum up, the proposed modal-dependent allocation strategy splits the overall network space into a vehicle network  and

a bus network , each occupied by different categories of vehicles. The vehicle network  is utilized by private vehicles, empty,
solo, and a portion of pooled ride-hailing vehicles. Parallely, the bus network  is used by buses and the remaining portion of
pooled ride-hailing vehicles. Moreover, irrespective of the type of ride-hailing trips, vehicle dispatching always occurs in the vehicle
network  , and pool vehicles in  are only allowed to physically switch to the bus network after picking up the first passenger in
the trip. A visualization of this occupancy-dependent allocation policy is shown in Fig. 1.

Moreover, let 𝑛𝑝𝑣 be the number of private vehicles in the vehicle network  and 𝑛𝑏 the number of buses in the bus network .
Having defined the different vehicle categories, we know that the ride-hailing fleet at any time step 𝑘 ∈ , under the assumption
of a fixed fleet size, has to satisfy 𝑁 = 𝑛𝑒(𝑘) + 𝑛𝑠(𝑘) + 𝑛𝑝 (𝑘) + 𝑛𝑝 (𝑘). Note that in some urban spaces, parking spots are available
for idle vehicles that are not assigned a trip. However, in this work, we assume that idle vehicles always cruise in the network
when unassigned. The accumulation in the vehicle network 𝑛 at any time step 𝑘 ∈  is 𝑛 (𝑘) = 𝑛𝑝𝑣(𝑘) + 𝑛𝑒(𝑘) + 𝑛𝑠(𝑘) + 𝑛𝑝 (𝑘),
and the accumulation in the bus network 𝑛 at any time step 𝑘 ∈  is 𝑛(𝑘) = 𝑛𝑏 + 𝑛𝑝 (𝑘). The number of operating buses in  is
time-independent in our framework. A summary of all the different variables used in this work, along with their descriptions, is
displayed in Table 1.

3.2. Aggregate traffic flow model

In the following part, we elaborate on the aggregate traffic model we use to estimate the speed in the vehicle and bus networks,
i.e.,  and . Let 𝑃 ∶ R≥0 → R≥0 denote the full network production function without any dedicated bus lanes. A production
function is a metric of network performance. It measures the total distance traveled by the different vehicles in the network per unit
of time. The total network production 𝑃 is dependent on the full network accumulation 𝑛, and can be calculated using the running
network speed 𝑣 ∶ R≥0 → R≥0 such that 𝑃

(

𝑛
)

= 𝑛𝑣
(

𝑛
)

. Following Ni and Cassidy (2019), Sirmatel et al. (2021), we can compute
the production 𝑃 ∶ R → R in the vehicle network and the production 𝑃 ∶ R → R in the bus network using the space
 ≥0 ≥0  ≥0 ≥0
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Table 1
List of notations.
Variable name Description

 Set of transportation modes where  = {𝑝𝑣, 𝑏, 𝑟𝑠}
 Set of available subnetworks
𝑄𝑗 Demand for mode 𝑗, 𝑗 ∈ 
𝑛 Total vehicle accumulation
𝑃 Total production in the network
𝑣 Network speed
𝛼 Fraction of space allocated to the vehicle network 
𝑛 , 𝑛 Accumulation in the vehicle and bus network  and  respectively
𝑛𝑝𝑣, 𝑛𝑏 Number of private vehicles and buses respectively
𝑛𝑒, 𝑛𝑠 Number of empty and solo ride-hailing vehicles respectively
𝑛𝑝 , 𝑛𝑝 Number of pool ride-hailing vehicles in network  and  respectively
𝑃 , 𝑃 Production in the vehicle and bus network  and  respectively
𝑃𝑝, 𝑃𝑏 Production of pool vehicles and buses respectively in the bus network 
𝑣 , 𝑣 Speed in the vehicle and bus network  and  respectively
𝑣𝑝, 𝑣𝑏 Speed of pool vehicles and buses respectively in the bus network 
𝑡𝑑 , �̄� Average bus dwell time and spacing between stops respectively
𝑜𝑏 Average bus occupancy
𝑘 Macro-simulation time step with duration 𝜏
𝑁 Ride-hailing fleet size
𝑂𝑝𝑣, 𝑂𝑏 Trip completion rate for private vehicles and bus passengers respectively
𝑂𝑠, 𝑂

𝑝 , 𝑂
𝑝 Trip completion rate for solo, pool vehicles in  , and pool vehicles in , respectively

𝑀 Matching rate between empty ride-hailing vehicles and waiting requests
𝑎0, 𝛼𝑒, 𝛼𝑐 Cobb–Douglas matching function parameters
𝑐 Number of waiting ride-hailing requests to be matched
𝐴 Number of abandoning ride-hailing requests
𝑤max Average maximum waiting tolerance of requests before abandoning
𝑈𝑠, 𝑈

𝑝 , 𝑈
𝑝 Utilities for solo, pooling in  , and pooling in  alternatives, respectively

𝑢𝑠, 𝑢𝑝 , 𝑢𝑝 Utilities for solo, pooling in  , and pooling in  alternatives, respectively, excluding the decision variables
𝛽𝑠, 𝛽 , 𝛽 Fraction of the ride-hailing demand opting for solo, pooling in  and pooling in , respectively
𝜇 Mode choice scale parameter
𝜅 Value of time
𝛥𝑙𝑝, 𝛥𝑙𝑑 Ride-hailing passenger and driver detour respectively
𝑙𝑝𝑣, 𝑙𝑠, 𝑙𝑏 Average trip length for private vehicles, solo ride-hailing, and bus trips, respectively
𝜙 , 𝜙 Decision variables reflecting the fare increase/decrease for pooling in  and  respectively
𝜉 , 𝜉 Variables function of 𝜙 and 𝜙 respectively
𝐹𝑠, 𝐹𝑝 Ride-hailing fare for traveling solo or pooling respectively
𝐹𝑠, 𝐹 

𝑝 , 𝐹
𝑝 Fare for traveling solo, pooling in  , or pooling in , respectively, including the decision variables

𝐾𝑝, 𝐾𝑖 Proportional and integral gain for the PI controller respectively
�̄�𝑏 Desired speed of buses in 
𝜖 Error term between the desired and actual speed of buses

allocation factor 𝛼 such that 𝑃 (𝛼𝑛) = 𝛼𝑃 (𝑛) and 𝑃(�̄�𝑛) = �̄�𝑃 (𝑛) where �̄� = 1 − 𝛼. This is because the production of the different
ubnetworks consists of a rescaling of the production of the original network according to the factor 𝛼. Note that for simplicity, we
rop in this Section 3.2 the time-dependencies of the production, speed, and accumulation variables.

The relationship between production and accumulation is valid as long as the vehicles commuting in the bus network are
tandard vehicles. However, since buses perform frequent stops to board and alight passengers, they slow down or even halt the
ool ride-hailing vehicles utilizing the same space. To capture this interaction between buses and pooling vehicles utilizing the bus
etwork, we partition the production in the bus network into pool vehicle production 𝑃𝑝 ∶ R≥0 ×R≥0 → R≥0 and bus production

𝑃𝑏 ∶ R≥0 ×R≥0 → R≥0, each dependent on both the number of pooling vehicles 𝑛𝑝 and the number of buses 𝑛𝑏 to obtain a 3D-MFD.
More information on how the 3D-MFD is empirically observed and validated in the literature can be found in Geroliminis et al.
(2014) and Loder et al. (2017).

Analogous to the reasoning behind the split of the production function, the same applies here to the aggregate estimation of
the vehicular speed in the vehicle network 𝑣 ∶ R≥0 → R≥0 and vehicular speed in the bus network 𝑣 ∶ R≥0 → R≥0 where
𝑣

(

𝛼𝑛
)

= 𝑣
(

𝑛
)

and 𝑣
(

�̄�𝑛
)

= 𝑣
(

𝑛
)

. Having estimated the individual speed function for every subnetwork, the production value
in the vehicle network  is hence given by 𝑃 (𝑛 ) = 𝑛𝑣

(

𝑛
)

and that in the bus network  is given by 𝑃(𝑛) = 𝑛𝑣
(

𝑛
)

.
However, for the latter function, we account for the influence of buses on the vehicle speed by reducing 𝑣 with a factor 𝑟(𝑛𝑏) that
is dependent on the number of buses in the network where 𝑟 ∶ R≥0 → (0, 1] and d𝑟

d𝑛𝑏
< 0. Therefore, the actual speed of pool vehicles,

that we denote by 𝑣𝑝 ∶ R≥0 ×R≥0 → R≥0, is given by 𝑣𝑝
(

𝑛𝑝 , 𝑛𝑏
)

= 𝑣
(

𝑛
)

𝑟
(

𝑛𝑏
)

. Regarding the bus operating speed that we denote
𝑣𝑏 ∶ R≥0 ×R≥0 → R≥0, it must account for the repetitive stops that buses perform at stations such that

𝑣𝑏
(

𝑛𝑝 , 𝑛𝑏
)

=
⎛

⎜

⎜

1
(


) 𝑡𝑑

⎞

⎟

⎟

𝑣𝑝
(

𝑛𝑝 , 𝑛𝑏
)

, (1)

⎝

1 + 𝑣𝑝 𝑛𝑝 , 𝑛𝑏 �̄� ⎠
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where 𝑡𝑑 and �̄� are the average bus dwell time and the spacing between bus stops respectively. The objective of the factor
1

1+𝑣𝑝
(

𝑛𝑝 ,𝑛𝑏
) 𝑡𝑑

�̄�

≤ 1 is to convert the bus running speed to the bus operating speed. This is because theoretically, the bus speed

𝑣𝑏 in urban spaces potentially matches 𝑣𝑝 if no stopping at stations is considered. To elaborate more, the value 1 + 𝑣𝑝
(

𝑛𝑝 , 𝑛𝑏
) 𝑡𝑑

�̄�
returns the additional time factor required by buses to cross the same distance as regular vehicles, including stopping at stations.
Therefore, when the running speed 𝑣𝑝

(

𝑛𝑝 , 𝑛𝑏
)

is multiplied by the reciprocal of this factor, the result is the adjusted operating speed
expressed in unitary distance. It follows that the pool vehicle production in  is 𝑃𝑝

(

𝑛𝑝 , 𝑛𝑏
)

= 𝑛𝑝 𝑣𝑝
(

𝑛𝑝 , 𝑛𝑏
)

and the bus production is
𝑃𝑏

(

𝑛𝑝 , 𝑛𝑏
)

= 𝑛𝑏𝑣𝑏
(

𝑛𝑝 , 𝑛𝑏
)

. Note that pool ride-hailing vehicles also perform repetitive stops to pick up and/or drop off passengers,
but the duration and frequency of these stops are negligible compared to buses, and their stops have minimal interference with
traffic flow. To summarize, the speed 𝑣 returns the theoretical speed in the network  if all vehicles consist of regular ride-hailing
vehicles. Given that buses are the main utilizers of this network, this speed is then reduced by a factor of 𝑟 < 1 to capture the
influence of buses on pool ride-hailing traffic. This returns the running speed in the bus network 𝑣𝑝. This speed is then further
reduced to obtain the operating bus speed 𝑣𝑏 which also includes the dwell time of buses at stops.

The aggregate network-dependent production functions are used to estimate the trip completion rate – or outflow – for every
category of vehicles under consideration. While this approximation does not provide the same level of accuracy compared to trip-
based models, it still allows for a tractable analysis compared to the latter which is too complex for this sort of application (Sirmatel
et al., 2021). As a result, in the following subsections, we utilize the production-based multi-modal macroscopic traffic model to
estimate the changes as a function of time of private vehicle accumulation, ride-hailing fleet assignment, and bus occupancy.

3.3. Network dynamics

Previously, we have defined the modal-dependent vehicle allocation policy and the subnetwork-dependent macroscopic traffic
functions. In the following part, we elaborate on the aggregate dynamics of private vehicles, ride-hailing fleet, and bus average
occupancies according to the proposed allocation policy. Starting with the private vehicle category, the change in accumulation 𝑛𝑝𝑣
follows from the flow conservation and is given by

𝑛𝑝𝑣(𝑘 + 1) = 𝑛𝑝𝑣(𝑘) + 𝜏
[𝑄𝑝𝑣(𝑘)

�̄�𝑝𝑣
− 𝑂𝑝𝑣(𝑘)

]

, ∀𝑘 ∈ ̄ , (2)

where �̄�𝑝𝑣 > 0 is the average occupancy of a private vehicle and 𝑂𝑝𝑣(𝑘) is the trip completion rate computed using

𝑂𝑝𝑣(𝑘) =
𝑛𝑝𝑣(𝑘)
𝑛 (𝑘)

𝑃
(

𝑛 (𝑘)
)

𝑙𝑝𝑣
, (3)

here 𝑙𝑝𝑣 > 0 is the constant average trip distance between the origin–destination pairs of private vehicle users. Note that we assume
homogeneous mixture of private and ride-hailing vehicles. The first part of (3) hence considers the fraction of the total vehicle

etwork  belonging to private vehicles, while the second part computes the trip completion rate in  of private vehicles.
Moving to the ride-hailing mode, the various available options have different travel costs. Based on the relative cost of each

ption, the users choose to travel solo in  , to pool in  , or to pool in . Therefore, we let 𝑈𝑠 denote the disutility for traveling
solo, 𝑈

𝑝 the disutility for pooling in the vehicle network, and 𝑈
𝑝 the disutility for pooling in bus lanes. Under the assumption of

user homogeneity, the expressions of the different utilities at time step 𝑘 ∈  are

𝑈𝑠(𝑘) = 𝐹𝑠(𝑘) + 𝜅
𝑙𝑠

𝑣
(

𝑛 (𝑘)
) , (4a)

𝑈
𝑝 (𝑘) = 𝐹 

𝑝 (𝑘) + 𝜅
𝑙𝑠 + 𝛥𝑙𝑝

𝑣
(

𝑛 (𝑘)
) , (4b)

𝑈
𝑝 (𝑘) = 𝐹

𝑝 (𝑘) + 𝜅
𝑙𝑠 + 𝛥𝑙𝑝

𝑣𝑝
(

𝑛𝑝 (𝑘), 𝑛𝑏
) , (4c)

where 𝜅 > 0 is the value of time for homogeneous ride-hailing users. The variable 𝑙𝑠 > 0 is the average trip length for a solo trip,
and 𝛥𝑙𝑝 ≥ 0 is the pool detour distance that passengers incur in case they opt for pooling. The detour is the same irrespective of the
network chosen due to the uniform split of network space assumption in Section 3.1. The variable 𝐹𝑠 is the fare for traveling solo
n  , 𝐹 

𝑝 is the fare for pooling in  , and 𝐹
𝑝 is the fare for pooling in . In this work, we assume that 𝐹𝑠(𝑘) is constant such that

̃𝑠(𝑘) = 𝐹𝑠 for all 𝑘 ∈  where 𝐹𝑠 > 0 is the solo trip fare set by the platform operator. On the contrary, if 𝐹𝑝 > 0 is the pool trip
are set by the operator, then 𝐹 

𝑝 (𝑘) = 𝐹𝑝 + 𝜙 (𝑘) and 𝐹
𝑝 (𝑘) = 𝐹𝑝 + 𝜙(𝑘) where 𝜙 (𝑘) ∈ R and 𝜙(𝑘) ∈ R are the control fares for

ooling in the vehicle network  and bus network  respectively. The control fares are introduced to steer the total network towards
ifferent objectives that we expand on in Section 4. We note here that despite the second pool ride-hailing passenger incurring a
arger waiting time before pick-up, this inconvenience is implicitly captured within the detour. It is therefore the reason why the
aiting time is dropped from the different cost functions.

The relative values of each of the disutility functions are used to compute the modal share for every available ride-hailing
lternative. Therefore, let 𝛽 ∈ [0, 1] and 𝛽 ∈ [0, 1] be the fraction of the total ride-hailing demand that will choose to pool
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in  and  respectively at time step 𝑘 ∈ , then to model ride-hailing user’s choice, we resort to the traditional and widely-used
ultinomial logit model as in Zhang and Nie (2021), Vignon et al. (2023), and we obtain that

𝛽 (𝑘) =
𝑒−𝜇𝑈


𝑝 (𝑘)

𝑒−𝜇𝑈𝑠(𝑘) + 𝑒−𝜇𝑈

𝑝 (𝑘) + 𝑒−𝜇𝑈


𝑝 (𝑘)

, (5a)

𝛽(𝑘) =
𝑒−𝜇𝑈


𝑝 (𝑘)

𝑒−𝜇𝑈𝑠(𝑘) + 𝑒−𝜇𝑈

𝑝 (𝑘) + 𝑒−𝜇𝑈


𝑝 (𝑘)

, (5b)

here 𝜇 > 0 is the scale parameter. The portion of users choosing to go solo at time step 𝑘 ∈  is 𝛽𝑠(𝑘) such that 𝛽𝑠(𝑘) =
− 𝛽 (𝑘) − 𝛽(𝑘).

For ease of implementation purposes, we reformulate the utility and mode choice functions to set apart the control and state
ariables. Consequently, if we redefine the disutilities of the three available ride-hailing alternatives, excluding the controllable
rice changes, by 𝑢𝑠, 𝑢𝑝 , and 𝑢𝑝 , we get that

𝑢𝑠(𝑘) = 𝐹𝑠 + 𝜅
𝑙𝑠

𝑣
(

𝑛 (𝑘)
) , (6a)

𝑢𝑝 (𝑘) = 𝐹𝑝 + 𝜅
𝑙𝑠 + 𝛥𝑙𝑝

𝑣
(

𝑛 (𝑘)
) , (6b)

𝑢𝑝 (𝑘) = 𝐹𝑝 + 𝜅
𝑙𝑠 + 𝛥𝑙𝑝

𝑣𝑝
(

𝑛𝑝 (𝑘), 𝑛𝑏
) , (6c)

where 𝑢𝑝 for instance is different from 𝑈
𝑝 because it does not consider the control fare 𝜙 in its formulation. If we set 𝜉 (𝑘) and

(𝑘) as two variables that are function of 𝜙 (𝑘) and 𝜙(𝑘) for all 𝑘 ∈ , we get

𝜉 (𝑘) ∶= 𝑒−𝜇𝜙 (𝑘) , (7)

𝜉(𝑘) ∶= 𝑒−𝜇𝜙(𝑘) . (8)

Consequently, we can rewrite 𝛽 (𝑘) and 𝛽(𝑘) as follows

𝛽 (𝑘) =
𝜉 (𝑘)𝑒

−𝜇𝑢𝑝 (𝑘)

𝑒−𝜇𝑢𝑠(𝑘) + 𝜉 (𝑘)𝑒
−𝜇𝑢𝑝 (𝑘) + 𝜉(𝑘)𝑒

−𝜇𝑢𝑝 (𝑘)
, (9)

𝛽(𝑘) =
𝜉(𝑘)𝑒

−𝜇𝑢𝑝 (𝑘)

𝑒−𝜇𝑢𝑠(𝑘) + 𝜉 (𝑘)𝑒
−𝜇𝑢𝑝 (𝑘) + 𝜉(𝑘)𝑒

−𝜇𝑢𝑝 (𝑘)
. (10)

We conclude that if 𝑐(𝑘) is the number of customers waiting to be matched at time 𝑘 for all 𝑘 ∈ , then we know that the
number of passengers choosing to travel solo is 𝑐𝑠(𝑘) =

(

1 − 𝛽 (𝑘) − 𝛽(𝑘)
)

𝑐(𝑘) and the number of passengers choosing to pool
is

(

𝛽 (𝑘) + 𝛽(𝑘)
)

𝑐(𝑘). By resorting to a Cobb–Douglas meeting function as in Zha et al. (2016), Nourinejad and Ramezani (2020),
we compute the matching rate 𝑀(𝑘) at time step 𝑘 ∈  using

𝑀(𝑘) = 𝑎0𝑛𝑒(𝑘)𝛼𝑒
(

𝑐𝑠(𝑘) +
1
2
𝑐𝑝(𝑘)

)𝛼𝑐
, (11)

where 𝑎0 > 0, 𝛼𝑒 > 0, and 𝛼𝑐 > 0 are the Cobb–Douglas meeting function parameters. Note that a factor 1
2 is added to model that

every single pool trip consists of two passengers. This formulation does not imply that pool passengers will share the complete
trip together but rather that every two passengers opting for pooling are assigned to a single empty ride-hailing vehicle. Moreover,
we assume full driver compliance with the matching decision, such that drivers will not reject any assignment by the platform.
Subsequently, we can compute the dynamics of empty vehicles 𝑛𝑒 at any time step using

𝑛𝑒(𝑘 + 1) = 𝑛𝑒(𝑘) + 𝜏
[

𝑛𝑠(𝑘)
𝑛 (𝑘)

𝑃
(

𝑛 (𝑘)
)

𝑙𝑠
+

𝑛𝑝 (𝑘)

𝑛 (𝑘)
𝑃

(

𝑛 (𝑘)
)

𝑙𝑠 + 𝛥𝑙𝑑
+

𝑃𝑝
(

𝑛𝑝 (𝑘), 𝑛𝑏
)

𝑙𝑠 + 𝛥𝑙𝑑
−𝑀(𝑘)

]

, ∀𝑘 ∈ ̄ . (12)

where the first three elements of (12) represent the completion rate of solo trips 𝑂𝑠(𝑘) = 𝑛𝑠(𝑘)
𝑛 (𝑘)

𝑃
(

𝑛 (𝑘)
)

𝑙𝑠
, the completion rate of

pool trips in  , 𝑂
𝑝 (𝑘) =

𝑛𝑝 (𝑘)
𝑛 (𝑘)

𝑃
(

𝑛 (𝑘)
)

𝑙𝑠+𝛥𝑙𝑑
, and the completion rate of pool trips in , 𝑂

𝑝 (𝑘) =
𝑃𝑝
(

𝑛𝑝 (𝑘),𝑛𝑏
)

𝑙𝑠+𝛥𝑙𝑑
. The last element of (12)

denotes the number of empty vehicles that are matched and have therefore exited this category. The variable 𝛥𝑙𝑑 ≥ 0 represents the
driver detour, which is the additional distance traveled by drivers to perform a pool trip relative to a solo one. The driver detour is
different from the passenger detour 𝛥𝑙𝑝, which is defined as the additional distance traveled by passengers to pick up and/or drop
off another passenger.

Moving to the discretized dynamics of the solo vehicle category 𝑛𝑠, we, by following the conservation of flow, get that

𝑛𝑠(𝑘 + 1) = 𝑛𝑠(𝑘) + 𝜏
[

𝛽𝑠(𝑘)𝑀(𝑘) −
𝑛𝑠(𝑘) 𝑃

(

𝑛 (𝑘)
)

]

, ∀𝑘 ∈ ̄ . (13)

𝑛 (𝑘) 𝑙𝑠

7 
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Similarly, the discretized dynamics for the pool vehicle in  category, 𝑛𝑝 , are given by

𝑛𝑝 (𝑘 + 1) = 𝑛𝑝 (𝑘) + 𝜏
[

𝛽 (𝑘)𝑀(𝑘) −
𝑛𝑝 (𝑘)

𝑛 (𝑘)
𝑃

(

𝑛 (𝑘)
)

𝑙𝑠 + 𝛥𝑙𝑑

]

, ∀𝑘 ∈ ̄ . (14)

Finally, the discretized dynamics for the pool vehicles in , category, 𝑛𝑝 , are given by

𝑛𝑝 (𝑘 + 1) = 𝑛𝑝 (𝑘) + 𝜏
[

𝛽(𝑘)𝑀(𝑘) −
𝑃𝑝

(

𝑛𝑝 (𝑘), 𝑛𝑏
)

𝑙𝑠 + 𝛥𝑙𝑑

]

, ∀𝑘 ∈ ̄ . (15)

Because the total ride-hailing fleet size is constant, the sum of the inflow to (13), (14), and (15) is equal to the outflow of (12),
nd vice versa. Note that in this analysis, we assume that pool passengers opting for a trip in the vehicle  or bus network  are

assigned to separate idle ride-hailing drivers.
To further illustrate how the vehicle allocation policy operates, we consider the following example. Once a pool trip in  is

assigned to an empty ride-hailing vehicle driving in  , the latter drives to pick up the first passenger in the vehicle network  , then
switches to the bus network  to perform the rest of the trip before moving back to the vehicle network once it delivers the last
passenger in the vehicle.

So far, we have defined the changes in the ride-hailing vehicles category. In a similar manner, the changes in the number of
passengers in the queue waiting to be assigned are

𝑐(𝑘 + 1) = 𝑐(𝑘) + 𝜏
[

𝑄𝑟𝑠(𝑘) −
(

1 + 𝛽 (𝑘) + 𝛽(𝑘)
)

𝑀(𝑘)
]

− 𝐴(𝑘) , ∀𝑘 ∈ ̄ . (16)

The element
(

1 + 𝛽 (𝑘) + 𝛽(𝑘)
)

𝑀(𝑘) in (16) represents the outflow of the waiting requests category. It accounts for the fact that a
pool trip match requires subtracting two passengers from this category compared to a solo trip match. Therefore, if all ride-hailing
users opt for pooling, we have that

(

1 + 𝛽 (𝑘) + 𝛽(𝑘)
)

= 2, and twice the matching rate is subtracted from the queue of waiting
requests to account for two-passenger trip sharing. Else, if no ride-hailing users opt for pooling, we have that

(

1+𝛽 (𝑘)+𝛽(𝑘)
)

= 1,
and the matching rate is subtracted from the queue of waiting request to account for single-passenger trips. Finally, the variable
𝐴(𝑘) ≥ 0 represents the number of cancellation/abandoning requests due to extended waiting periods before pick-up caused by
limited empty ride-hailing vehicle availability. Therefore, if the average maximum waiting tolerance of ride-hailing customers is
given by 𝑤max, then we can estimate the number of abandoning requests using

𝐴(𝑘) = max

(

𝑐(𝑘) − 1
𝑘

𝑘
∑

�̃�=1

𝑀(�̃�)𝑤max, 0

)

, ∀𝑘 ∈ . (17)

The abandonment approximation in (17) first computes, at any time step 𝑘, what should be the queue length if the requests’
maximum waiting tolerance value is equal to 𝑤max. This is done by multiplying the matching rate 𝑀(𝑘) by the exogenous parameter
𝑤max. However, given that the matching rate changes with time, we approximate its value by taking the average over all the
previous time steps. This way, we can get an estimation of the maximum expected queue length irrespective of when the ride-
hailing request appeared in the network. When this quantity is then subtracted from the actual queue length at time step 𝑘, 𝑐(𝑘),
we get an approximation of the number of requests that left the system due to long waiting times. Note that since this value is only
an estimate of the abandonment, the max operator is added to guarantee that the abandonment does not exceed the actual queue
length of waiting requests.

The dynamics of the third transportation mode, buses, are formulated in terms of changes in occupancy rather than changes
in the number of vehicles. This is because we assume that the number of buses 𝑛𝑏 traveling in the bus network  is constant and
their occupancy is time-dependent. Although some variations in the number of buses are expected over the course of the day, we
consider an analysis period during which this number is roughly constant. Assuming a uniform bus occupancy 𝑜𝑏 over the available
fleet of buses 𝑛𝑏, the discretized dynamics of 𝑜𝑏 are given by

𝑜𝑏(𝑘 + 1) = 𝑜𝑏(𝑘) +
𝜏
𝑛𝑏

[

𝑄𝑏(𝑘) +
𝐴(𝑘)
𝜏

−
𝑃𝑏

(

𝑛𝑝 (𝑘), 𝑛𝑏
)

𝑙𝑏
𝑜𝑏(𝑘)

]

, ∀𝑘 ∈ ̄ , (18)

where 𝑙𝑏 is the average trip length by bus. Note here that the abandoning ride-hailing requests at time step 𝑘 ∈ , 𝐴(𝑘), are
considered here as an additional demand for the bus occupancy category. The last term of (18) represents the bus passenger trip

completion rate 𝑂𝑏(𝑘) =
𝑃𝑏
(

𝑛𝑝 (𝑘),𝑛𝑏
)

𝑙𝑏
𝑜𝑏(𝑘).

A summary of the proposed multi-modal vehicle allocation modeling framework is provided in Fig. 2.
In the next section, Section 4, we elaborate on the ride-hailing pricing scheme that we set forth to reduce the multi-modal user

delays by utilizing the dynamic model we previously described.

4. Control framework

The objective of the vehicle allocation model we advance in this work is to redistribute the network space over the available
transportation modes. However, the choice of ride-hailing users to travel solo or to pool is not always aligned with the objective of
improving the TTS in the network or ensuring that buses will stay on schedule. Therefore, in this section, we develop a regulatory
8 
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Fig. 2. A schematic sketch of the model under consideration. Private vehicles, empty ride-hailing vehicles, solo trips, and a portion of pool ride-hailing trips drive
in the vehicle subnetwork  , whereas buses and the remaining pool trip portion perform their trips in the bus subnetwork . The nodes in yellow correspond to
he different categories of ride-hailing vehicles. The blue dashed rectangle encloses all the vehicles utilizing the vehicle subnetwork  while the brown dashed
ectangle encloses all the vehicles utilizing the bus subnetwork ..

Fig. 3. Implementation of the MPC framework with abandonment. In this framework, the MPC dynamics run without abandonment with a prediction horizon
of �̃� whereas the plant dynamics run with abandonment. After every update step �̃� , we reinitialize the MPC with some updated initial states retrieved from
the plant dynamics.

pricing scheme where pool ride-hailing users receive a discount or pay an extra fee for the purpose of ensuring that this fraction
of pool trips in bus lanes does not worsen multi-modal user delays. To do so, we evaluate two different control policies. The first
one is a Proportional–Integral (PI) controller with the objective of keeping the bus network at a certain speed to not delay the bus
operation. The PI controller is myopic and only requires information about the speed in the bus network to compute the control
prices. Its implementation is consequently straightforward because it does not need prior knowledge of the future demand but rather
only requires the definition of a bus speed set point. The second control policy we evaluate is the Model Predictive Control (MPC)
with the objective of minimizing the total travel time.

4.1. PI control

As opposed to more elaborate controllers, the ease of implementation of the PI allows for a baseline comparison between different
pricing control schemes. A PI framework provides hence a sufficient step forward to guarantee that the proposed vehicle allocation
policy is not a hurdle to bus circulation. Because our proposed policy moves pool vehicles to bus lanes, it is crucial to ensure that
the disturbances to bus users are minimized, all while improving the travel time for the remaining travelers. We do so by changing
the values of the pool trip control fares 𝜙 according to the difference between the actual bus speed in network  and the target
bus speed, which we denote by �̄�𝑏 > 0. This difference is also referred to as the bus speed error. The choice of 𝜙 as our control
variable in the PI framework is justified by the direct effect this quantity has on the amount of trip pooling in the bus network. In

addition, we keep track of the previous errors for the last 𝑁𝑒 ∈ N time steps, where 𝑁𝑒 represents the number of preceding time

9 
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steps over which the error is computed. As a consequence, if 𝜖(𝑘) ∶=
(

�̄�𝑏 − 𝑣𝑏(𝑛𝑝 (𝑘), 𝑛𝑏)
)

defines the error term at time step 𝑘, then
the expression for 𝜙 at time step 𝑘 ∈  is

𝜙(𝑘) = 𝐾𝑝𝜖(𝑘) +
𝐾𝑖
𝑁𝑒

𝑘−1
∑

�̃�=max(𝑘−(𝑁𝑒+1),0)

𝜖(�̃�) , (19)

where 𝐾𝑝 > 0 and 𝐾𝑖 ≥ 0 are the constant proportional gain and integral gain. We point out here that, in particular under the
PI formulation, we directly control 𝜙 rather than 𝜉, because having the price fare as the control input is straightforward. In the
result section, we show how the two different parameters, 𝐾𝑝 and 𝐾𝑖, affect the performance of the PI controller by bridging the
gap between the actual and target bus speeds. The drawback of the PI controller, however, is that it only takes into account the
speed of buses irrespective of the other mode users. Next, we show how the MPC implementation is capable of circumventing this
matter.

4.2. Model predictive control

Unlike the PI controller, the aim of the MPC framework is to improve the network TTS or delays using our proposed policy.
We quantify delays using the total Passenger Hours Traveled (PHT) of multi-modal users at any time step 𝑘 ∈ , here equal to
PHT(𝑘) = 𝜏

[

𝑛𝑝𝑣(𝑘)�̄�𝑝𝑣 + 𝑛𝑏𝑜𝑏(𝑘) + 𝑛𝑠(𝑘) +
(

𝑛𝑝 (𝑘) + 𝑛𝑝 (𝑘)
)

�̄�𝑝
]

, and the total Waiting Time (WT) of ride-hailing requests at time step
𝑘 ∈ , which is given by WT(𝑘) = 𝜏𝑐(𝑘). Therefore, the formulation of the MPC framework is given by

minimize
𝜉𝑖∈R�̃� , 𝑖∈

𝑘+�̃�
∑

𝑗=𝑘
PHT(𝑗) + WT(𝑗)

subject to 𝜉𝑖(𝑗) ∈ [𝜉min, 𝜉max] ∀𝑗 ∈ [𝑘, 𝑘 + �̃�], ∀𝑖 ∈ 

𝜉𝑖(𝑗) = 𝜉𝑖(𝑗 + 1) ∀𝑗 ∈ [𝑘, 𝑘 + �̃� − 1] ⧵ {𝑛 ⋅𝑁𝑢 ∣ 𝑛 ∈ N},

∀𝑖 ∈ 

𝐴(𝑗) = 0 ∀𝑗 ∈ [𝑘, 𝑘 + �̃�]

(2), (12), (13), (14), (15), (18)

(20)

where 𝜉min and 𝜉max are the exogenous lower and upper bounds of the control variable, �̄�𝑝 is the average occupancy of a pool trip
such that �̄�𝑝 ∈ (1, 2], and �̃� is the prediction horizon. The second constraint of (20) makes sure that the control actions are only
updated every 𝑁𝑢 ∈ N time steps. This avoids frequent fluctuations in the service pricing of ride-hailing, which is desirable from
a user perspective. The third constraint sets the number of abandoning ride-hailing requests to 0. This is because the abandoning
function in (17) increases the computational complexity of the MPC framework to an extent where the problem cannot be handled
by the solver used. The computational complexity is increased because the abandonment function (17) is not only dependent on
the previous state but all earlier states as well, which makes it harder to solve the optimization problem. Moreover, abandonment
constitutes the source of uncertainty in our framework, and it is not straightforward to estimate the exact shape of the function.
For these reasons, we run the MPC dynamics without abandonment, and we reinitialize the state variables with the actual state
dynamics with abandonment produced by the plant, i.e., 𝑛𝑝𝑣, 𝑛𝑠, 𝑛𝑝 , 𝑛𝑝 , 𝑐, and 𝑜𝑏 after every �̃� time steps, �̃� being the update
horizon in our framework. A more detailed explanation of this approach is provided in Fig. 3.

5. Numerical study

In the following section, we perform a numerical study to evaluate the impact of our proposed allocation scheme, and we show
the influence of different control strategies on the overall network performance. To do so, we describe in Section 5.1 the simulation
parameters that we utilize for illustration purposes. Next, in Section 5.2, we assess network delays for scenarios without and with
abandonment. In Sections 5.3 and 5.4, we delve more into the results for the different pool price controllers implemented in this
work.

5.1. Macro-simulation parameters

Next, we describe the simulation environment that we implement to test the potential benefits of our proposed strategy along
with the different control schemes. For this purpose, we consider a network characterized by an MFD that aggregates the microscopic
traffic dynamics. Its functional form is given by the production function 𝑃 (𝑛) = 𝐴0𝑛3+𝐵0𝑛2+𝐶0𝑛, 𝐴0 = 5.74⋅10−9, 𝐵0 = −1.02⋅10−3, and
𝐶0 = 36 for 𝑛 ∈ [0, 58536]. The production function is calibrated to fit the MFD in (Beojone and Geroliminis, 2021). The fractional
split 𝛼 partitioning the full network space into a vehicle network and a bus network has a value equal to 0.8 and is usually an
unalterable property of the infrastructure. The value of 𝛼 yields two production functions for every subnetwork according to the
relationship described in Section 3. Therefore, having the full network production function 𝑃 (𝑛), we can obtain the subnetwork
production functions by setting 𝑃 (𝑛𝑉 ) = 𝛼𝑃 (𝑛), and 𝑃(𝑛𝐵) = �̄�𝑃 (𝑛). Similarly, given the full network speed 𝑣(𝑛) = 𝐴0𝑛2 +𝐵0𝑛+ 𝐶0
for 𝑛 ∈ [0, 58536], we can obtain the subnetwork speed functions 𝑣 (𝑛 ) = 𝑣(𝑛) and 𝑣(𝑛) = 𝑣(𝑛), where 𝑛 = 𝛼𝑛 and 𝑛 = �̄�𝑛.
Transforming the obtained vehicle speed MFD, 𝑣, into a three-dimensional bus MFD requires the multiplication of the speed with a

−6.5⋅10−4𝑛𝑏
reduction factor 𝑟(𝑛𝑏) such that 𝑟(𝑛𝑏) = 𝑒 . This function provides a reasonable decrease to the speed in  due to the existence
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Fig. 4. Time-dependent multi-modal demand profile in pax∕h.

f buses. The resulting speed function described in Section 3.2 allows the computation of the pool vehicles running speed in the
us network 𝑣𝑝, such that 𝑣𝑝(𝑛, 𝑛𝑏) = 𝑣(𝑛)𝑟(𝑛𝑏). Similarly, the bus operating speed is straightforwardly obtained by factoring

in the spacing �̄� between bus stations and the dwell time 𝑡𝑑 at stops where �̄� = 0.8 km, and 𝑡𝑑 = 30 s in (1). With respect to the
obb–Douglas meeting function that we adopt in (11), its constant parameters are equal to 0.025, 0.93, and 0.98 for 𝑎0, 𝛼𝑒, and 𝛼𝑐

respectively, with the same order of magnitude as in Nourinejad and Ramezani (2020). To estimate the outflow for every category
of vehicle, we assume that the average trip length for private vehicles is equal to that of solo trips such that 𝑙𝑝𝑣 = 𝑙𝑠 = 3.86 km,
which is the average trip length retrieved from Beojone and Geroliminis (2021). Since bus trips are generally longer than direct
origin–destination trips, we consider that the average bus trip distance is 𝑙𝑏 = 1.4𝑙𝑝𝑣. Similarly, pool trips are also longer than 𝑙𝑠 due
to the additional detour that passengers/drivers have to incur. The value of this detour is generally dependent on the number of
passengers willing to engage in pooling. For the scope of this analysis, however, we will assume that the detour remains constant
such that 𝛥𝑙𝑑 = 0.7𝑙𝑠 and 𝛥𝑙𝑝 = 0.15𝑙𝑠. The integration of a demand-dependent detour value will be examined in future works. The
average occupancy of pool vehicles is �̄�𝑝 = 1.5, as the driver is excluded from the occupancy count. With respect to the private
vehicles’ occupancy �̄�𝑝𝑣, we use a value of 1.2. The ride-hailing request waiting tolerance 𝑤max is set to 15 min.

Moving to the multinomial logit model dictating the choice between solo and pooled trips, we consider a mode choice scale
parameter 𝜇 = 1, and a value of time 𝜅 = 30 CHF/h. In real-world settings, the value of these parameters can be retrieved and
calibrated using real data to accurately reflect user choices. The static trip fares for solo 𝐹𝑠 and pool 𝐹𝑝 are 5 and 4 CHF, respectively.
We note here that these values usually change with the total ride-hailing demand. Since the objective of this study is to determine
the values of 𝜙 and 𝜙 irrespective of the values of 𝐹𝑠 and 𝐹𝑝, we discard the demand-dependent basic fare variations. The fleet
size 𝑁 remains constant over the full simulation framework and is set to 3500 vehicles. The simulation runs over six hours and is
discretized such that the duration of every time step 𝜏 is equal to 6 s. The demand profile for private vehicles and ride-hailing is
displayed in Fig. 4a where the increase in demand starts at around 16:00 before it goes back to its original value at around 18:00.
The demand for buses varies in a similar manner, as also shown in Fig. 4b. This demand profile is synthetic, and is designed for
illustrative purposes such that the provided examples showcase a realistic scenario.

5.2. Macro-simulation results for the total multi-modal delays

In the following section, we present the multi-modal delays for different network configuration settings to better assess the
importance of the proposed vehicle allocation strategy, and the different pricing control schemes presented in this work. To
achieve this objective, we first compare the occupancy-dependent vehicle allocation scheme with settings where the choices for the
pooling users are limited under no control schemes. Likewise, we additionally compare different pool pricing control configurations.
Particularly, we define the following no control and control scenarios that we assess: Scenario 1 considers a solo ride-hailing services
where all trips are performed in the vehicle network  . Scenario 2 is when ride-hailing services offer the pooling option exclusively
in the vehicle network  while Scenario 3 is when ride-hailing services offer the pooling option exclusively in the bus network .
Scenario 4 is an extreme scenario where all ride-hailing trips are pooling and utilizing the bus network . Scenario 5 replicates the
model presented in Section 3 where ride-hailing users have the option to either travel solo in  , pool in  , or pool in . Moving to

Scenarios 6–10, they represent configurations with control. More specifically, Scenario 6 refers to the case where 𝜙 is controlled
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Table 2
Macro-simulation results without abandonment.
# Scenario PHT+WT PHT WT

Vehicle network Bus network [pax.h] [pax.h] [pax.h]

1 No pool (𝛽 = 0) No pool (𝛽 = 0) 246 980 193 913 53 067
2 Optional pool (𝛽 ∈ [0, 1]) No pool (𝛽 = 0) 239 819 198 116 41 703
3 No pool (𝛽 = 0) Optional pool (𝛽 ∈ [0, 1]) 190 872 176 442 14 430
4 No pool (𝛽 = 0) Forced pool (𝛽 = 1) 223 210 188 097 35 113
5 Optional pool (𝛽 ∈ [0, 1]) Optional pool (𝛽 ∈ [0, 1]) 188 954 177 389 11 565

6 PI control – 𝜙 191 383 178 709 12 674
7 MPC – 𝜙 188 316 176 721 11 595
8 MPC (v𝑏) – 𝜙 191 388 178 477 12 911
9 MPC – 𝜙 and 𝜙 187 030 176 348 10 682
10 MPC (v𝑏) – 𝜙 and 𝜙 189 662 178 314 11 348

by the PI as per Section 4.1, while Scenarios 7 and 9 replicate the MPC framework as per Section 4.2, with one control variable 𝜙,
and two control variables 𝜙 and 𝜙 , respectively. Finally, to have a basis for comparison between the PI and MPC frameworks,
we introduce Scenarios 8 and 10 to be the MPC implementation, with the nuance of adding a penalty to the cost function when
the bus speed goes below a desired value, i.e., when we introduce a soft constraint on the bus speed. We let this lower bound on
the bus speed, which we denote with v𝑏, be equal to the PI set point �̄�𝑏, and penalize the violation in the objective function of
the MPC that is now composed of the PHT, the WT, and the weighted degree of violation of the bus speed. We do so to guarantee
that the bus services do not significantly lose performance, even if this implies a worse total PHT and WT for the overall network.
This modification is integrated into the MPC settings in Scenarios 8 and 10, with the sole difference between the two being that
the former has a single control variable 𝜙 while the latter has two control variables 𝜙 and 𝜙 . Note that since the abandonment
function reflects a rough approximation of the waiting tolerance of ride-hailing users, we present the results for all the previously
described scenarios for the case where the abandonment function 𝐴(𝑘) = 0, i.e., the case without abandonment, and the case where
the abandonment function 𝐴(𝑘) is given according to (17), i.e., the case with abandonment. By doing so, we will examine how
robust the different control strategies are to users’ behaviors when it comes to abandonment.

The different TTS for the no abandonment case are presented in Tables 2 and 3, and in Tables 4 and 5 for the case with
abandonment. The major difference between the two cases is that the PHT and WT values are higher for the no abandonment case,
and this is because ride-hailing users have to wait for a long time before being served. Irrespective of the case under consideration,
among the no control scenarios, the worst performing scenario is when no pooling is involved, i.e., when both 𝛽 and 𝛽 are equal
to zero (Scenario 1). This is because, for constant fleet sizes, solo travel results in longer queues and longer waiting times, especially
when all ride-hailing vehicles are occupied and few vehicles are available for pick-up. For the case with abandonment, Table 4
shows that this scenario also has the highest number of abandoning requests. When pooling is only allowed in the vehicle network,
i.e., 𝛽 = 0 and 𝛽 ∈ [0, 1] or equivalently Scenario 2, the TTS are much greater than the scenario where pooling is optional and only
allowed in the bus network with 𝛽 = 0 (Scenario 3). This is due to users opting for pooling in the bus network, causing ride-hailing
vehicles to travel at a higher speed and making them available soon after to perform a new trip. We note here that we also provide
the simulation results for when 𝛽 = 1 which implies 𝛽 = 0 (Scenario 4), meaning that all ride-hailing users are pooling in the
bus network. The reason for that is to show that this extreme solution causes significant travel times for bus users and long waiting
times for ride-hailing users, and is therefore not attractive at the system level. Motivated by these observations, the need to regulate
the share of each ride-hailing alternative becomes more substantiated. For this purpose, we resort to different controllers to find a
proper pricing scheme that minimizes the observed TTS.

Moving to Scenario 5 emulating the vehicle-dependent allocation policy presented in this work, the changes of the state variables
presented in Section 3 for the network under consideration without any regulatory interventions are shown in Fig. 5. Under this
scenario, the choice of users is solely dictated by the platform-set fares and the subnetworks’ travel time. Note that we display
here the simulation results with no abandonment, i.e., when 𝑤max is infinitely large or equivalently 𝐴(𝑘) = 0 for all 𝑘 ∈ , and
with abandonment according to the model presented in Section 3.3. Both results are presented to assess the implications of the
approximated abandonment functions in (17) on the macro-simulation variables. During peak hours, the accumulation of private
vehicles 𝑛𝑝𝑣 spiraled up in Fig. 5a. With respect to the different states of the ride-hailing fleet size, it can be observed from Figs. 5b–
5d, that the number of solo trip vehicles, 𝑛𝑠, and pool trip in  vehicles, 𝑛𝑝 , increased whereas the number of pool trip in  vehicles,
𝑛𝑝 , remained almost constant during peak hours. Filtering out the effect of the abandonment function, it is clearly the case that the
results with abandonment show a higher bus occupancy, and a lower number of solo vehicles 𝑛𝑠 and pool vehicles in  𝑛𝑝 , where
the difference between the two curves is more accentuated during peak hours. The deterioration of the condition in the vehicle
network, reflected in the reduction in speed 𝑣 in Fig. 5f, prompts users to pool in the bus network. This is confirmed by looking at
the increase in the share of pool users opting to travel in the bus network 𝛽 and the decrease in the share of pool users opting to
travel in the bus network 𝛽 as seen in 5i. The TTS for all users in the network for this specific scenario, i.e., when 𝛽 and 𝛽 are
determined through (9) and (10) respectively, are displayed in Tables 2 and 4, where the sum of PHT and WT is equal to 188954
pax.h for the case without abandonment, and 185157 pax.h with 4732 abandoning requests in the case with abandonment.
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Table 3
Multi-modal TTS without abandonment.
# Scenario PHT𝐩𝐯 PHT𝐫𝐬 PHT𝐛 𝑛𝑏∫ max(�̄�𝑏 − 𝑣𝑏 , 0)𝑑𝑡

Vehicle network Bus network [pax.h] [pax.h] [pax.h] [km]

1 No pool (𝛽 = 0) No pool (𝛽 = 0) 114 856 18 518 60 539 0
2 Optional pool (𝛽 ∈ [0, 1]) No pool (𝛽 = 0) 114 856 22 721 60 539 0
3 No pool (𝛽 = 0) Optional pool (𝛽 ∈ [0, 1]) 84 623 20 770 71 049 2634
4 No pool (𝛽 = 0) Forced pool (𝛽 = 1) 75 462 26 713 85 922 11 869
5 Optional pool (𝛽 ∈ [0, 1]) Optional pool (𝛽 ∈ [0, 1]) 87 991 21 572 67 825 958

6 PI control – 𝜙 89 527 21 798 67 384 90
7 MPC – 𝜙 87 355 21 564 67 802 1430
8 MPC (v𝑏) – 𝜙 91 039 21 627 65 811 2
9 MPC – 𝜙 and 𝜙 87 669 21 186 67 493 1354
10 MPC (v𝑏) – 𝜙 and 𝜙 91 258 21 452 65 604 2

Table 4
Macro-simulation results with abandonment.
# Scenario PHT+WT Abandonment

Vehicle network Bus network [pax.h] [pax]

1 No pool (𝛽 = 0) No pool (𝛽 = 0) 211 898 17 816
2 Optional pool (𝛽 ∈ [0, 1]) No pool (𝛽 = 0) 210 505 15 970
3 No pool (𝛽 = 0) Optional pool (𝛽 ∈ [0, 1]) 185 664 4812
4 No pool (𝛽 = 0) Forced pool (𝛽 = 1) 196 565 12 630
5 Optional pool (𝛽 ∈ [0, 1]) Optional pool (𝛽 ∈ [0, 1]) 185 157 4732

6 PI control – 𝜙 186 471 5398
7 MPC – 𝜙 184 691 4665
8 MPC (v𝑏) – 𝜙 186 559 5435
9 MPC – 𝜙 and 𝜙 184 884 3979
10 MPC (v𝑏) – 𝜙 and 𝜙 186 799 4050

Table 5
Multi-modal PHT.
# Scenario PHT𝐩𝐯 PHT𝐫𝐬 PHT𝐛

Vehicle network Bus network [pax.h] [pax.h] [pax.h]

1 No pool (𝛽 = 0) No pool (𝛽 = 0) 114 856 17 815 65 578
2 Optional pool (𝛽 ∈ [0, 1]) No pool (𝛽 = 0) 114 855 21 367 65 058
3 No pool (𝛽 = 0) Optional pool (𝛽 ∈ [0, 1]) 84 902 19 811 72 407
4 No pool (𝛽 = 0) Forced pool (𝛽 = 1) 77 072 24 039 87 451
5 Optional pool (𝛽 ∈ [0, 1]) Optional pool (𝛽 ∈ [0, 1]) 88 282 20 504 69 169

6 PI control – 𝜙 89 558 20 587 69 086
7 MPC – 𝜙 88 494 20 479 68 444
8 MPC (v𝑏) – 𝜙 91 852 20 408 66 887
9 MPC – 𝜙 and 𝜙 88 409 20 637 68 335
10 MPC (v𝑏) – 𝜙 and 𝜙 91 602 20 720 66 658

5.3. PI controller framework

Having compared the total objective function for the different scenarios, we delve next into the details of the numerical
pplication of the PI controller. To guarantee that our vehicle allocation strategy does not worsen the situation for mainly bus
sers, we implement the PI control framework in our simulation and report the different state variables in Fig. 6 and 7. The choice
f the set point for the desired speed in the bus network, however, remains complex because bus users should ideally travel at the
ighest possible speed, and this speed is defined by the bus operator or the traffic regulators. In the results provided, we set �̄�𝑏 to 17

km/h while the default bus speed in the absence of cars is 𝑣𝑏(0, 𝑛𝑏) = 19 km/h. This choice of set point ensures that the permissible
decrease in bus speeds due to the bus lane usage remains within acceptable ranges.

The plots in Figs. 6 and 7 show the system dynamics for different proportional and integral gain values 𝐾𝑝 and 𝐾𝑖 respectively, all
with 𝑁𝑒 = 100 time steps, for the cases without abandonment and with abandonment. The reason for displaying the different graphs
for both approaches is to check that despite the integration of an approximated abandonment function, the PI implementation is still
robust and performs in an equal manner. The variations of 𝑛𝑝𝑣, 𝑛𝑠, 𝑛𝑝 , and 𝑛𝑝 in the no abandonment case in Figs. 6a–6e are almost
similar to what is observed in Figs. 5a–5e, except for the lower number of solo trips and higher number of pool trips in , especially

during off-peak period. This is because the bus network is significantly underutilized during off-peak hours, and its capacity allows
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Fig. 5. Time-dependent model variables for the no control scenario 5 where 𝛽 ∈ [0, 1] and 𝛽 ∈ [0, 1] without and with abandonment for (a) private vehicle
accumulation, (b) solo trip ride-hailing vehicles, (c) pool trip ride-hailing accumulation in  , (d) pool trip ride-hailing accumulation in , (e) average bus
ccupancy, (f) speed in the vehicle network  , (g) vehicle speed in the bus network , (h) bus speed in the bus network , and (i) fraction of pool trip in 

and  respectively.

some ride-hailing users to pool their trips in . This justifies the exorbitantly high discount 𝜙 granted to users at the beginning of
the simulation in Fig. 6j to encourage them to pool their trips in . Note here that in the PI framework, we focus on controlling 𝜙
because it has a direct influence on the bus speed 𝑣𝑏. In other words, we set 𝜙 to 0 in our numerical experiment. The observations
for the scenario with abandonment in Fig. 7 are similar, with Fig. 7k additionally illustrating that the 4665 abandoning requests in
Table 4 mainly occur during peak hours. Since the PI implementation does not directly account for the user delays, this justifies the
similarities in the variation of the price variable 𝜙 in Figs. 6j and 7j for cases without and with abandonment, respectively.

Moreover, we observe that picking reasonable values for 𝐾𝑝 and 𝐾𝑖 yields realistic pricing scenarios, all while achieving the
desired objective of bridging the gap between the actual and target bus speeds, as can be seen in Fig. 6j compared to scenarios with
no integral term. Due to the time-dependent nature of the demand in our simulations, the PI controller fails to achieve lower objective
function values compared to the scenario in which the vehicle allocation strategy advanced in this work is implemented with no
control, i.e. (Scenario 5), where the TTS are equal to 191383 and 188954 pax.h, respectively for the case without abandonment, and
185157 and 186471 pax.h for the case with abandonment.

The approach we have adopted so far accounts for bus user delays without consideration of the overall network performance.
Therefore, the previous choice of set point does not guarantee a convenient solution for all network users. In Figs. 8 and 9, we
display the values of PHT and WT for various PI set points and different on-peak period bus demand multipliers for the case with
and without abandonment, respectively. The displayed results reflect that a lower �̄�𝑏 is acceptable if the objective is to minimize
multi-modal TTS. A more practical way to determine this network operational point is to extend the static model developed in
(Fayed et al., 2023b), and compute the value of bus speed at optimality for the pair of time-invariant private vehicles and bus
demands. The results of this approach are shown in Fig. 10. We note here that this static approach does not have any consideration
of abandonment in its framework. From the figure, we can see that for the current setting, the set-point is demand-dependent. The
corresponding minimum PHT values for the different demand combinations are shown in Fig. 11. Since bus lanes usually occupy a
small fraction of the network infrastructure, increasing bus demand has the most significant impact on the PHT values.

Fig. 12 shows the variation of the PHT results for different choices of the PI controller set points for the bus demand profile in

Fig. 4b, and compares them with the optimal set point found by solving the static formulation. Clearly, the value of �̄�𝑏 minimizing
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Fig. 6. Time-dependent model variables for the PI framework (Scenario 6) without abandonment for (a) private vehicle accumulation, (b) solo trip ride-hailing
vehicles, (c) pool trip ride-hailing accumulation in  , (d) pool trip ride-hailing accumulation in , (e) average bus occupancy, (f) speed in the vehicle network  ,
(g) vehicle speed in the bus network , (h) bus speed in the bus network , (i) fraction of pool trip in  and  respectively, and (j) regulatory control fare for
pooling in .

delays does not fully coincide. Nevertheless, the static choice of �̄�𝑏 gives some insights into what value is potentially able to minimize
delays. Moreover, despite accounting for abandonment in our dynamic framework, we have observed that the PI displays a similar
performance compared to the case without abandonment, for which the comparison with the static framework is performed.

However, despite it being convenient from an implementation point of view, the formulation of the PI framework does not
allow for explicitly achieving a multi-modal system optimum. Therefore, we broaden our formulation to include all network users
by resorting to an MPC framework, and report the results for when the optimization framework runs with one control variable 𝜙,
and two control variables 𝜙 and 𝜙 .
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Fig. 7. Time-dependent model variables for the PI framework (Scenario 6) with abandonment for (a) private vehicle accumulation, (b) solo trip ride-hailing
vehicles, (c) pool trip ride-hailing accumulation in  , (d) pool trip ride-hailing accumulation in , (e) average bus occupancy, (f) speed in the vehicle network  ,
(g) vehicle speed in the bus network , (h) bus speed in the bus network , (i) fraction of pool trip in  and  respectively, (j) regulatory control fare for
pooling in , and (k) abandoning requests.

Fig. 8. Objective function values for different set points and different bus demand profiles under the PI control framework without abandonment.
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Fig. 9. Objective function values for different set points and different bus demand profiles under the PI control framework with abandonment.

Fig. 10. Optimal PI bus speed set points for different private vehicles and bus demands.

Fig. 11. PHT values for optimal set points.

Fig. 12. Difference between the optimal static and dynamic bus speed set points for the PI controller.
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Fig. 13. Time-dependent model variables for Scenario 7 of the MPC framework without and with abandonment for (a) private vehicle accumulation, (b) solo
rip ride-hailing vehicles, (c) pool trip ride-hailing accumulation in  , (d) pool trip ride-hailing accumulation in , (e) average bus occupancy, (f) speed in

the vehicle network  , (g) vehicle speed in the bus network , (h) bus speed in the bus network , (i) fraction of pool trip in  and  respectively, and (j)
egulatory control fare for pooling in , and (k) cumulative abandoning requests.

.4. MPC framework

We compute the solutions of the MPC problem (20) by utilizing the JuMP1 package in Julia with the Ipopt 2 solver. To understand
ow the MPC framework influences the results, we display the variations of the main simulation variables in Fig. 13 for both the
ases without and with abandonment where only the pricing in the bus network 𝜙 is controlled. The two implementations show that
n the case with abandonment, the difference between the MPC and the plant dynamics originates from the error in the estimation
f the number of waiting ride-hailing requests, because request abandonment is solely accounted for within the plant dynamics
ut not the MPC dynamics. For each optimization run, we consider a prediction horizon of �̃� = 650 time steps, i.e., we assume

that the optimizer is aware of the private vehicle, bus, and ride-hailing demands for the upcoming 650𝜏 duration. However, after
every update of �̃� = 200 time steps, we reinitialize the MPC dynamics with the actual state variables for the model dynamics with

1 https://jump.dev/JuMP.jl/stable/
2 https://coin-or.github.io/Ipopt/
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Table 6
Variation of the MPC objective function value with the prediction horizon.

Prediction horizon [min] 20 25 30 60 100 200 300
PHT+WT [pax.h] 185 104 185 432 184 642 184 755 184 535 184513 184 512

abandonment, to bridge the gap between the MPC predictions and the actual network dynamics. For the case without abandonment,
the plant and MPC dynamics are identical, and the prediction horizon value �̃� is therefore set to 3600 time steps in (20) which is
the entire simulation duration, thus we assume a perfect knowledge of the future demand. In short, in this case, the abandonment is
set to 0 and we solve the MPC in one go. Note that for these simulations, we set 𝜉min and 𝜉max to be equal to 𝑒−3 and 𝑒3 respectively.
Moreover, for practical reasons, we only allow the control variable to be updated every 180 time steps such that 𝑁𝑢 = 180.

As opposed to the PI controller, the MPC shows a more demand-responsive behavior where, during off-peak periods, the speed
in the vehicle network in Fig. 13f is lower than that in the bus network observed in Fig. 13g. This substantiates the relatively high
values of 𝜙 as the use of the bus network is privileged in this case. During the on-peak period, however, 𝜙 becomes negative,
implying that ride-hailing users in the vehicle networks are causing significant delays compared to bus users. Ecouraging users to
pool their rides in bus lanes is therefore necessary to reduce the total delays for multi-modal users.

Having described the details of the MPC implementation, we compare the results of the different MPC scenarios in Tables 2 and
4, and show that when our regulatory prices dictate the amount of pooling in both the vehicle and the bus network (Scenario 9), we
get the lowest objective function value for the case without abandonment. This is, however, not true for the case with abandonment
in Table 4, despite the value of abandonment being the lowest for this specific scenario. The reason for that is that the plant and
MPC dynamics are not similar in the case with abandonment, and therefore having controlling two variables instead of one does
not necessarily result in lower PHT and WT values. Note that for the no abandonment case, even if we only consider one control
variable 𝜙, we already observe some improvements compared to the no control scenario. In fact, the results in Table 2 reveal that,
n reference to the scenario with no control and no pooling in bus lanes, the MPC framework allows for 8% improvement compared
o the PI implementation.

For the scenarios with the soft constraint on the bus speed, i.e., Scenarios 8 and 10, the objective function for the MPC becomes
𝑘+�̃�
∑

𝑗=𝑘
PHT(𝑗) + WT(𝑗) + 𝜆max (0, v𝑏 − 𝑣𝑏(𝑗)) (21)

where 𝜆 = 10000 and v𝑏 being equal to 17 km/h. Clearly, when a soft constraint is introduced, the PHT and WT values increase
because the private vehicle and ride-hailing delays, which we denote by PHT𝑝𝑣 and PHT𝑟𝑠, also increase as reported in Table 3
compared to Scenario 7 with no soft constraints imposed on the bus speed. However, when we numerically compute the bus delays
PHT𝑏 and the constraint violations of the minimum bus speed, we guarantee the public transit performance is minimally impacted.
The results for the no abandonment control case were added as a sanity check, because by restricting the degrees of freedom of
the optimizer, we worsen the value of the objective function between Scenarios 7 and 8, and 9 and 10 in Table 2. Moreover, when
the model used in the MPC does not match the real dynamics in the plant, there is no guarantee that the MPC will improve the
performance compared to the PI, as can be observed in Table 4 where abandonment is included in the plant.

Finally, to further investigate how the output under the MPC framework changes with different prediction horizons, we display
in Table 6 the MPC objective function value for different prediction horizon values �̃� expressed in minutes for the case where a
single variable, 𝜉 is controlled, and abandonment is only considered in the plant. We note that when �̃� is greater than 600, or
quivalently, when the prediction horizon is greater than 60 min, a further increase in the prediction horizon will not improve the
bjective function value significantly.

. Conclusions

In this work, we develop an aggregate dynamic for a multi-modal network with private vehicles, ride-hailing services, and public
ransportation. Our modeling approach aims at evaluating an occupancy-dependent vehicle allocation policy where a fraction of the
ool ride-hailing users choose to utilize dedicated bus lanes. Despite ameliorating the total user delays and the ride-hailing service
evels, our allocation strategy is not capable of influencing by itself the ride-hailing user choices in a way that aligns with the
haring split that minimizes these overall multi-modal user delays. The need for a more elaborate pricing scheme to steer the user’s
hoice towards a more convenient solution for multi-modal users is therefore substantiated. Consequently, we build both a PI and
n MPC control framework, and analyze what the additional pooling discount or fare should be that improves the overall travel
imes for all network users, and the waiting time for ride-hailing users in particular. Our results show that pricing indeed influences
he preferences of ride-hailing requests in a manner that reduces the PHT for all modes. We performed the same analysis for the
ases with and without request abandonment, and demonstrated how the complexity of our abandonment function is circumvented
n the MPC solution.

In future work, we plan to give further attention to demand-dependent trip detours. This is because the detour distance for a pool
rip is lower when more passengers opt for pooling. Therefore, the efficiency of our proposed policy becomes more accentuated if this
actor is accounted for in the modeling formulation. Moreover, we have so far considered pool trips with only two passengers sharing
heir rides. A potential direction for this framework is to extend this work to incorporate a high-capacity on-demand micro-transit
19 
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service utilizing the bus network along with buses, and observe the additional occupancy-dependent improvements that we achieve
if these services progressively gain more and more momentum. Furthermore, the macroscopic traffic model formulated for the two
networks under consideration overlooks the potential interactions between the different modes utilizing the separate parts of the
network. This interaction requires refining the network-based traffic model to include for instance the likelihood that pool vehicles
in bus lanes utilize the vehicle network to overtake buses, especially in roads where the space is constrained. Finally, a crucial point
to investigate is driver’s compliance to the matching decisions by the ride-hailing platform, and how this could be integrated within
the proposed modeling framework.
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